
�
�
�
�

�
�
�
�

�
�
�
�
�
�
�

RHEINISCHE FRIEDRICH-WILHELMS-UNIVERSITÄT BONN 

,167,787�)h5�,1)250$7,.�,�

 

 

 
 

_______________________________________________________ 

Daniel Lorenz 

Einbettung ebener 
Punktmengen in Graphen 

niedriger Dilation 

 

_______________________________________________________ 
 
 
 
 
 
 
 
 

_______________________________________________________ 
Diplomarbeit  

Betreuer: Prof. Dr. Rolf Klein 

����6HSWHPEHU������



 2 

$%675$&7�

6HL�6� HLQH�3XQNWPHQJH�LQ�GHU�(EHQH��:DV� LVW�GLH�QLHGULJVWH�'LODWLRQ�HLQHV�*UDSKHQ�GHU�6�HQWKlOW"�
)ROJHQGH�6FKUDQNHQ�ZHUGHQ�LQ�GLHVHU�$UEHLW�EHKDQGHOW��

��� )DOOV� GLH� 3XQNWPHQJH� 6� DXV� I�QI� 3XQNWHQ� EHVWHKW�� GLH� JOHLFKPl�LJ� DXI�GHP�(LQKHLWVNUHLV�
YHUWHLOW�VLQG��LVW���������HLQH�REHUH�6FKUDQNH��

��� *UDSKHQ� PLW� EHVFKUlQNWHU� )OlFKHQJU|�H� KDEHQ� HLQH� 'LODWLRQ� YRQ� PLQGHVWHQV� ����������
*UDSKHQ� GLH� HLQH� JHVFKORVVHQH�� NRQYH[H�.XUYH�HLQEHWWHQ��KDEHQ�'LODWLRQ�YRQ�PLQGHVWHQV�
����������

��� )�U�*UDSKHQ��GLH�DXV�Q�)DPLOLHQ�YRQ�SDUDOOHOHQ�*HUDGHQ�PLW�$EVWDQG�D�EHVWHKHQ��JLOW��GDVV�
.QRWHQ�PLW�'LVWDQ]�G�!�����D�HLQH�'LODWLRQ�YRQ�K|FKVWHQV�
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�

6FKO�VVHOZ|UWHU��'LODWLRQ��SODQDUH�*UDSKHQ��XQWHUH�6FKUDQNH��REHUH�6FKUDQNH�
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,1+$/769(5=(,&+1,6�

���(LQI�KUXQJ�������������������������������������������������������������������������������������������������������������������������������������������������������

���(LQEHWWXQJ�HLQHV�UHJHOPl�LJHQ�)�QIHFNV����������������������������������������������������������������������������������������������������

���8QWHUH�6FKUDQNH�I�U�*UDSKHQ�PLW�EHVFKUlQNWHU�)OlFKHQJU|�H��������������������������������������������������������������

����$OOJHPHLQH�%HZHLVNRQVWUXNWLRQ���������������������������������������������������������������������������������������������������

� ����3XQNWHSDDU�PLW�QLHGULJVWHU�'LODWLRQ�LP�)DOO������������������������������������������������������������������������������

� ����3XQNWHSDDU�PLW�QLHGULJVWHU�'LODWLRQ�LP�)DOO���XQG�������������������������������������������������������������������

���'LODWLRQ�EHL�)DPLOLHQ�YRQ�*HUDGHQ�XQG�0LQGHVWDEVWDQG������������������������������������������������������������������������

� ����2EHUH�6FKUDQNH�EHL�YLHOHQ�5LFKWXQJHQ�XQG�0LQGHVWDEVWDQG��������������������������������������������������

� ����)ROJHUXQJHQ�������������������������������������������������������������������������������������������������������������������������������������

���$XVEOLFN������������������������������������������������������������������������������������������������������������������������������������������������������������

/LWHUDWXUYHU]HLFKQLV��������������������������������������������������������������������������������������������������������������������������������������������

$QKDQJ�

/LVWLQJ����3URJUDPP�]XU�3DUDPHWHURSWLPLHUXQJ�GHV�*UDSKHQ�]XU�(LQEHWWXQJ�HLQHV�
UHJHOPl�LJHQ�)�QIHFNV�������������������������������������������������������������������������������������������������������������������������

/LVWLQJ����3URJUDPP�]XU�3DUDPHWHURSWLPLHUXQJ�]XP�%HZHLV�HLQHU�REHUHQ�6FKUDQNH��
EHL�*UDSKHQ�PLW�EHJUHQ]WHP�)OlFKHQLQKDOW��������������������������������������������������������������������������������������

�

�
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���(,1)h+581*�

$QJHQRPPHQ�HV� VROO�HLQ�9HUNHKUVQHW]�� ]XP�%HLVSLHO�HLQ�6FKLHQHQQHW]��JHSODQW�ZHUGHQ��$XIJUXQG�
GHU� %HY|ONHUXQJVYHUWHLOXQJ� VLQG� ZLFKWLJH� .QRWHQSXQNWH� LQ� GLHVHP�9HUNHKUVQHW]� YRUJHJHEHQ�� DQ�
GHQHQ� GDQQ� %DKQK|IH� VHLQ� VROOHQ�� 'DV� 6FKLHQHQQHW]�� GDV� JHSODQW� ZLUG�� VROO� GLH� %DKQK|IH� VR�
PLWHLQDQGHU�YHUELQGHQ��GDVV��ZHQQ�GHU�:HJ�]ZLVFKHQ�]ZHL�EHOLHELJH�%DKQK|IH�EHWUDFKWHW�ZLUG��GHU�
:HJ�]ZLVFKHQ�GHQ�%DKQK|IHQ�LP�9HUKlOWQLV�]XU�(QWIHUQXQJ�QXU�XP�HLQHQ�P|JOLFKVW�NOHLQHQ�)DNWRU�
XQWHUVFKLHGOLFK� LVW�� 'HU� 8PZHJ�� GHU� LQ� GHP� 6FKLHQHQQHW]� JHPDFKW� ZLUG�� ZLUG� DOVR� UHODWLY� ]XU�
(QWIHUQXQJ�JHPHVVHQ�XQG�VROOWH�P|JOLFKVW�NOHLQ�VHLQ���

)RUPDO�NDQQ�PDQ�GDV�9HUNHKUVQHW]�DOV�*UDSK�EHWUDFKWHQ��'DEHL�VLQG�GLH�%DKQK|IH�GLH�.QRWHQ��XQG�
GLH�%DKQVWUHFNHQ�HQWVSUHFKHQ�GHQ�.DQWHQ�LQ�GHP�*UDSKHQ��9RUJHJHEHQ�VLQG�PHKUHUH�%DKQK|IH��GLH�
GXUFK�HLQH�HQGOLFKH�3XQNWPHQJH�6�LQ�GHU�(EHQH�UHSUlVHQWLHUW�ZHUGHQ��'DV�9HUKlOWQLV�YRP�:HJ�LP�
6FKLHQHQQHW]� XQG�GHU�(QWIHUQXQJ�]ZHLHU�%DKQK|IH�ZLUG�'LODWLRQ�JHQDQQW��*HVXFKW�ZLUG� DOVR�HLQ�
*UDSK�*� ��9��(��GHU�GLH�3XQNWHPHQJH�6�DOV�7HLOPHQJH�VHLQHU�.QRWHQPHQJH�HQWKlOW��XQG�GHVVHQ�
'LODWLRQ�P|JOLFKVW�NOHLQ�LVW��)RUPDO�OlVVW�VLFK�GLH�'LODWLRQ�IROJHQGHUPD�HQ�GHILQLHUHQ��

6HLHQ�S�XQG�T�]ZHL�EHOLHELJH��YHUVFKLHGHQH�.QRWHQ�DXV�*��8QG�EH]HLFKQH�ξ�S��T��HLQHQ�N�U]HVWHQ�
:HJ�YRQ�S�QDFK�T�LQ�*��'DQQ�ZLUG�GLH�'LODWLRQ�δ*�S��T��IROJHQGHUPD�HQ�GHILQLHUW��

||

|),(|
),(

pq

qp
qp

G
G

ξδ =
��

'DEHL�VHL�_�_�GLH�HXNOLGLVFKH�/lQJH��'LH�'LODWLRQ�δ*�GHV�*UDSKHQ�*�LVW�GDQQ�JHJHEHQ�GXUFK��
),(sup

,,
qpG

qpVqp

G δδ
≠∈

=
��

'LH�'LODWLRQ�δ6�HLQHU�3XQNWPHQJH�6�LVW�GDV�0LQLPXP�GHU�'LODWLRQ��EHU�DOOH�*UDSKHQ�GLH�6�HQWKDOWHQ��
RGHU�LQ�)RUPHOQ��
� }|min{ GsGS ⊂= δδ ��
$X�HU�GHU�JUDSKHQWKHRUHWLVFKHQ�'LODWLRQ��GLH�KLHU�GHILQLHUW�ZRUGHQ�LVW��JLEW�HV�QRFK�GLH�VRJHQDQQWH�
JHRPHWULVFKH�'LODWLRQ��'LH�JHRPHWULVFKH�'LODWLRQ�EHWUDFKWHW�QLFKW�QXU�GLH�'LODWLRQ�]ZLVFKHQ�.QRWHQ�
GHV�*UDSKHQ��VRQGHUQ�DXFK�]ZLVFKHQ�LQQHUHQ�3XQNWHQ�YRQ�.DQWHQ�GHV�*UDSKHQ��'DGXUFK�OlVVW�VLFK�
]XP�%HLVSLHO� HLQ�6WUD�HQQHW]�PRGHOOLHUHQ��GD�PDQ�DXI�HLQHU�6WUD�H�DQ�MHGHU�6WHOOH�GHU�6WUD�H�VHLQH�
5HLVH� EHJLQQHQ� XQG� EHHQGHQ� NDQQ� XQG� QLFKW� QXU� DXI� .UHX]XQJHQ�� 'LHVH� $UEHLW� LVW� DEHU�
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DXVVFKOLH�OLFK�DXI�GLH�JUDSKHQWKHRUHWLVFKH�'LODWLRQ�EHVFKUlQNW��:HQQ�LQ�GLHVHU�$UEHLW�YRQ�'LODWLRQ�
JHUHGHW� ZLUG�� LVW� LPPHU� GLH� JUDSKHQWKHRUHWLVFKH� 'LODWLRQ� JHPHLQW�� $UEHLWHQ�� GLH� VLFK� PLW� GHU�
JHRPHWULVFKHQ�'LODWLRQ�EHVFKlIWLJHQ��VLQG�>�@��>�@�XQG�>�@��

0DQ�NDQQ�YHUVFKLHGHQH� )UDJHVWHOOXQJHQ�XQWHUVXFKHQ�� 6R�ZLUG� LQ�GHQ�.DSLWHOQ���XQG���GLH�)UDJH�
EHKDQGHOW��RE�HV�P|JOLFK�LVW��HLQH�REHUH�RGHU�XQWHUH�6FKUDQNH�I�U�GHQ�:HUW�GHU�'LODWLRQ�]X�ILQGHQ��
'DV�KHL�W��HV�JHKW�XP�GLH�)UDJH��:DV�LVW�GHU�QLHGULJVWH�:HUW�I�U�GLH�'LODWLRQ��GHQ�PDQ�PLQGHVWHQV�
HUUHLFKHQ�NDQQ��XQG�ZLH�KRFK�PXVV�GHU�:HUW�GHU�'LODWLRQ�PLQGHVWHQV�VHLQ"�

'LH�EHVWP|JOLFKH�'LODWLRQ��GLH�HUUHLFKW�ZHUGHQ�NDQQ�LVW����$EELOGXQJ���]HLJW�HQGOLFKH�*UDSKHQ�PLW�
'LODWLRQ����(QGOLFKH�*UDSKHQ�PLW�'LODWLRQ���HQWVSUHFKHQ�YRQ�LKUHU�6WUXNWXU�KHU�HLQHP�GHU�*UDSKHQ��
GLH�LQ�$EELOGXQJ���JH]HLJWHQ�ZHUGHQ�RGHU�HLQHU�7HLOPHQJH�GLHVHU�*UDSKHQ��

 �
$EELOGXQJ����*UDSKHQ�PLW�'LODWLRQ���

:HQQ�PDQ�I�U�HLQH�3XQNWPHQJH��GLH�NHLQH�7HLOPHQJH�HLQHV�*UDSKHQ�DXV�$EELOGXQJ���LVW��HLQIDFK�
GHQ�YROOVWlQGLJHQ�*UDSKHQ��EHU�DOOH�3XQNWH�DXV�6�YHUZHQGHW��JLEW�HV�.UHX]XQJHQ�YRQ�.DQWHQ��'LHVH�
.UHX]XQJVSXQNWH� KHL�HQ� 6WHLQHUSXQNWH�� /lVVW� PDQ� NHLQH� 6WHLQHUSXQNWH� ]X� LVW� HLQ� *UDSK� PLW�
PLQLPDOHU� 'LODWLRQ� HLQH� 7ULDQJXOLHUXQJ� GHU� 3XQNWPHQJH� 6�� )�U� GLHVHV� 3UREOHP� LVW� HLQH� REHUH�
6FKUDQNH�EHNDQQW��'LH�EHVWH�EHNDQQWH�REHUH�6FKUDQNH�ZXUGH�YRQ�.HLO�XQG�*XWZLQ�>�@�JHIXQGHQ�XQG�
EHWUlJW�������$XI�GLHVH�9DULDQWH�ZLUG�LQ�GLHVHU�$UEHLW�QLFKW�ZHLWHU�HLQJHJDQJHQ��VRQGHUQ�HV�ZLUG�LP�
ZHLWHUHQ� LPPHU� GDYRQ� DXVJHJDQJHQ�� GDVV� 6WHLQHUSXQNWH� P|JOLFK� VLQG�� 'DYLG� (SSVWHLQ� KDW� HLQH�
=XVDPPHQVWHOOXQJ� YRQ� JUXQGOHJHQGHQ� (UJHEQLVVHQ� XQG� (LJHQVFKDIWHQ� ]XU�'LODWLRQ�� ZHQQ� NHLQH�
6WHLQHUSXQNWH�HUODXEW�VLQG��LQ�HLQHP�.DSLWHO�YRQ�Å6SDQQLQJ�7UHHV�DQG�6SDQQHUV´�>�@�YHU|IIHQWOLFKW��

(UODXEW�PDQ�6WHLQHUSXQNWH�� JHK|UHQ�VLH�JHQDXVR� ]XU�.QRWHQPHQJH�YRQ�*��ZLH�GLH�3XQNWH�DXV�6��
'DV�KHL�W��DXFK�GLH�'LODWLRQ�GHU�6WHLQHUSXQNWH�XQWHUHLQDQGHU�RGHU�]X�3XQNWHQ�DXV�6�PXVV�EHDFKWHW�
ZHUGHQ��$OOHUGLQJV�G�UIHQ�QXU�HQGOLFK�YLHOH�]XVlW]OLFKHQ�.QRWHQ�]XVlW]OLFK�]X�6�YHUZHQGHW�ZHUGHQ��
0LW�XQHQGOLFK�YLHOHQ�3XQNWHQ� OlVVW�VLFK�MHGH�3XQNWPHQJH�LQ�HLQHQ�*UDSK�PLW�'LODWLRQ���HLQEHWWHQ��
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LQGHP�PDQ�GHQ�YROOVWlQGLJHQ�*UDSKHQ��EHU�DOOHQ�3XQNWHQ�GHU�(EHQH�YHUZHQGHW��

6ROOHQ�]XP�%HLVSLHO�GLH�(FNHQ�HLQHV�UHJHOPl�LJHQ�)�QIHFNV� LQ�HLQHQ�*UDSKHQ�HLQJHEHWWHW�ZHUGHQ��
GDQQ�HUJLEW�GHU�YROOVWlQGLJH�*UDSK��EHU�GLH���(FNSXQNWH�ZLHGHU�HLQ�NOHLQHUHV�)�QIHFN�LQ�GHU�0LWWH��
,Q�.DSLWHO���ZLUG�GLH�(LQEHWWXQJ�HLQHV�)�QIHFNV�LQ�HLQHQ�HQGOLFKHQ�*UDSKHQ�JHQDXHU�EHKDQGHOW�XQG�
HLQH�QHXH�REHUH�6FKUDQNH�I�U�GHQ�:HUW�GHU�'LODWLRQ�JH]HLJW��

)�U�GHQ�DOOJHPHLQHQ�)DOO��DOVR�GLH�(LQEHWWXQJ�YRQ�HQGOLFK�YLHOHQ�3XQNWHQ�LQ�EHOLHELJHU�/DJH�LQ�HLQHQ�
HQGOLFKHQ�*UDSKHQ��ZXUGH�YRQ�5��.OHLQ�HW�DO��>�@�HLQH�REHUH�6FKUDQNH�YRQ��������JHIXQGHQ��'DEHL�
ZLUG�HLQ�XQHQGOLFKHU��SHULRGLVFKHU�*UDSK�YHUZHQGHW��GHU�SDVVHQG�VNDOLHUW�ZLUG��VLHKH�$EELOGXQJ�����
'DQDFK�ZLUG�HLQ�7HLOJUDSK��GHU�GLH�HLQ]XEHWWHQGH�3XQNWPHQJH�HQWKlOW��VR�KHUDXVJHVFKQLWWHQ��GDVV�HV�
5DQG�GHV�*UDSKHQ�]X�NHLQHU�K|KHUHQ�'LODWLRQ�NRPPW��

2EZRKO�HV��ZLH�EHUHLWV�HUZlKQW��QXU�EHVWLPPWH�*UDSKHQ�PLW�'LODWLRQ���JLEW��ZDUHQ�ELV�YRU�NXU]HP�
QRFK�NHLQH�XQWHUHQ�6FKUDQNHQ�EHNDQQW��5��.OHLQ�HW�DO��VWHOOHQ�LQ�GHU�VFKRQ�JHQDQQWHQ�$UEHLW�>�@�DXFK�
HLQH�XQWHUH� 6FKUDQNH� I�U�*UDSKHQ�PLW� EHVFKUlQNWHP�)OlFKHQGXUFKPHVVHU� YRU�� ,P�GULWWHQ�.DSLWHO�
ZLUG� QlKHU� DXI� GLH� XQWHUH� 6FKUDQNH� YRQ� *UDSKHQ� PLW� EHVFKUlQNWHP� )OlFKHQGXUFKPHVVHU�
HLQJHJDQJHQ�XQG�HLQ�%HZHLV�I�U�GLH�XQWHUH�6FKUDQNH�YRQ����������YRUJHVWHOOW��

�
$EELOGXQJ����3HULRGLVFKHU�*UDSK�]XU�(LQEHWWXQJ�EHOLHELJHU�3XQNWPHQJHQ�PLW�
'LODWLRQ�≈�������

'LH�]ZHLWH�EHNDQQWH�XQWHUH�6FKUDQNH��GLH�HEHQIDOOV�LQ�GHU�$UEHLW�YRQ�5��.OHLQ�HW�DO�� >�@�YRUJHVWHOOW�
ZLUG��JLOW�I�U�$UUDQJHPHQWV�YRQ�*HUDGHQ�LQ�DOOJHPHLQHU�/DJH��%HL�GLHVHP�3UREOHP�OlVVW�VLFK�HLQH�YLHO�
VFKlUIHUH�XQWHUH�6FKUDQNH�YRQ� 32 EHZHLVHQ��
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,P�YLHUWHQ�.DSLWHO�GLHVHU�$UEHLW�JHKW�HV�DXFK�XP�*HUDGHQ�²�$UUDQJHPHQWV��$QJHQRPPHQ��HV�ZLUG�
DXI� HLQH�JXWH�'LODWLRQ�ÅQDKHU´�3XQNWHSDDUH�YHU]LFKWHW�XQG�QXU�GLH�'LODWLRQ�]ZLVFKHQ�3XQNWHQ�GLH�
HLQHQ� JHZLVVHQ�0LQGHVWDEVWDQG� KDEHQ�EHWUDFKWHW��ZDV� OlVVW�VLFK�GDQQ��EHU�GLH�'LODWLRQ� DXVVDJHQ"�
:HQQ� EHLVSLHOVZHLVH� HLQ� )HUQYHUNHKUVQHW]� JHSODQW� ZLUG�� LVW� HYHQWXHOO� GLH�'LODWLRQ� I�U� QDKH� =LHOH�
]ZHLWUDQJLJ��:LFKWLJ�LVW��GDVV�LQ�GHU�*U|�HQRUGQXQJ�I�U�GLH�GDV�)HUQYHUNHKUVQHW]�NRQ]LSLHUW�LVW��GDV�
1HW]�P|JOLFKVW�NXU]H�8PZHJH�PDFKW��

2EZRKO�GLH�'LODWLRQ�GHU�$UUDQJHPHQWV�YRQ�*HUDGHQ�EHL�QDKHQ�3XQNWHQ�QLFKW�RSWLPDO�LVW��NDQQ�VLH�
I�U� ZHLWHU� YRQHLQDQGHU� HQWIHUQWH� 3XQNWH� NOHLQ� ZHUGHQ�� 1DW�UOLFK� ZLUG� GLH� 'LODWLRQ� I�U� JUR�H�
(QWIHUQXQJHQ�XP�VR�NOHLQHU��MH�GLFKWHU�GLH�*HUDGHQ�OLHJHQ�XQG�MH�PHKU�YHUVFKLHGHQH�5LFKWXQJHQ�HV�
JLEW��'HVKDOE�ZLUG�I�U�GHQ�=XVDPPHQKDQJ�]ZLVFKHQ�GHU�'LODWLRQ�δ��GHU�$Q]DKO�GHU�5LFKWXQJHQ�Q�
XQG�GHP�$EVWDQG�SDUDOOHOHU�*HUDGHQ�D�IROJHQGHV�(UJHEQLV�EHZLHVHQ��

�
n

d

a
nda

2cos

12
),,(

π
δ +⋅≤ �

'DEHL�LVW�G�GHU�$EVWDQG�GHU�3XQNWH��
�
0DQ� NDQQ� GLH� $Q]DKO� GHU� 6FKQLWWSXQNWH� GHU� *HUDGHQ� HLQHV� VROFKHQ� $UUDQJHPHQWV� PLW� GHP�
(LQKHLWVNUHLV� DOV�*HUDGHQGLFKWH�GHILQLHUHQ��'LH�*HUDGHQGLFKWH�NDQQ�DOV�GLH�0HQJH�DQ�%DXPDWHULDO�
DXIJHIDVVW� ZHUGHQ�� ZHOFKHV� EHQ|WLJW� ZLUG�� XP� HLQHQ� *UDSKHQ� PLW� HQWVSUHFKHQGHU� 'LODWLRQ� ]X�
NRQVWUXLHUHQ���

(LQH� ZHLWHUH� LQWHUHVVDQWH� )UDJH�� LVW� DXFK� GLH� DOJRULWKPLVFKH� .RPSOH[LWlW� GHU� %HUHFKQXQJ� GHU�
'LODWLRQ� XQG� GHU� .RQVWUXNWLRQ� HLQHV� *UDSKHQ� PLW� QLHGULJHU� 'LODWLRQ�� 6R� KDEHQ� (SSVWHLQ� XQG�
:RUWPDQ� >�@� GLH� $OJRULWKPLVFKH� .RPSOH[LWlW� XQWHUVXFKW�� GLH� GLH� %HUHFKQXQJ� GHU�'LODWLRQ� HLQHV�
6WHUQV�DXV�HLQHU�JHJHEHQHQ�3XQNWPHQJH�EHVLW]W�XQG�KDEHQ�GDI�U�HLQHQ�2�Q�ORJ�Q��=HLW�$OJRULWKPXV�
JHIXQGHQ��'DUDXI�DXIEDXHQG�KDEHQ�VLH�HLQHQ�$OJRULWKPXV�HQWZLFNHOW��GHU�LQ�HUZDUWHWHU�=HLW�YRQ�2�Q�
ORJ�Q��GHQ�RSWLPDOHQ�0LWWHOSXQNW�LP� dℜ ]X�ILQGHW���

�
�
�
�
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���(,1%(7781*�(,1(6�5(*(/0b�,*(1�)h1)(&.6�

6HL�6�HLQH�3XQNWPHQJH��GLH�DXV�I�QI�3XQNWHQ�EHVWHKW��GLH�UHJHOPl�LJ�DXI�GHP�(LQKHLWVNUHLV�YHUWHLOW�
VLQG��,Q�GLHVHP�.DSLWHO�ZLUG�HLQH�QHXH�REHUH�6FKUDQNH�I�U�GLH�'LODWLRQ�GLHVHU�3XQNWPHQJH�6�JH]HLJW��
'HU�YROOVWlQGLJH�*UDSK�YRQ�6�HU]HXJW�I�QI�6WHLQHUSXQNWH� LP�LQQHUHQ�GHV�)�QIHFNV��GLH�ZLHGHU�HLQ�
QHXHQ�)�QIHFN�ELOGHQ� �VLHKH�$EELOGXQJ�����'DPLW�VWHKW�PDQ�UHNXUVLY�YRU�GHP�VHOEHQ�3UREOHP�GLH�
(FNSXQNWH� GHV� )�QIHFNV� HLQ]XEHWWHQ�� QXU� GDVV� PDQ� MHW]W� ]XVlW]OLFK� GLH� I�QI� 3XQNWH� HV�
XUVSU�QJOLFKHQ�)�QIHFNV�DXFK�QRFK�EHU�FNVLFKWLJHQ�PXVV��)DOOV�PDQ�HLQIDFK�DOOH�I�QI�(FNSXQNWH�PLW�
GHP�0LWWHOSXQNW�YHUELQGHW���VLHKH�$EELOGXQJ����HUKlOW�PDQ�HLQHQ�*UDSK��GHVVHQ�'LODWLRQ�XQJHIlKU�
��������EHWUlJW��
�

�$EELOGXQJ����(LQEHWWXQJ�GHV�)�QIHFNV��5HFKWV�GHU�YROOVWlQGLJH�*UDSK�GHU�HLQ�
QHXHV� )�QIHFN� HU]HXJW�� OLQNV� HLQ� *UDSK� PLW�'LODWLRQ�≈� �������� EHL� GHP� DOOH�(FNHQ�PLW�GHP�0LWWHOSXQNW�YHUEXQGHQ�VLQG��

(V�JHKW�DEHU�QRFK�EHVVHU��ZLH�LP�)ROJHQGHQ�EHZLHVHQ�ZLUG��
�
7KHRUHP����6HL�6� HLQH�3XQNWPHQJH��GLH�DXV� I�QI�3XQNWHQ�EHVWHKW��GLH�UHJHOPl�LJ�DXI�GHP�(LQKHLWVNUHLV�YHUWHLOW�
VLQG��(V�H[LVWLHUW�HLQ�*UDSK�PLW�HLQHU�'LODWLRQ�YRQ����������GHU�6�HLQEHWWHW��

%HZHLV��2KQH�%HVFKUlQNXQJ�GHU�$OOJHPHLQKHLW� NDQQ� DQJHQRPPHQ�ZHUGHQ�� GDVV�GLH�3XQNWH�GHV�
)�QIHFNV�DXI�GHP�(LQKHLWVNUHLV�XP�GHQ�8UVSUXQJ�OLHJHQ��'DEHL�OLHJW�HLQHU�GHU�(FNSXQNWH�DXI�GHU�;�
$FKVH��'LHVHU�3XQNW�ZLUG�$�JHQDQQW��XQG�GLH� DQGHUHQ�3XQNWH�ZHUGHQ�GHU�5HLKH�QDFK�JHJHQ�GHQ�
8KU]HLJHUVLQQ�LQ�DOSKDEHWLVFKHU�5HLKHQIROJH�EHQDQQW��VLHKH�$EELOGXQJ�����

(V�ZLUG�MHW]W�HLQ�*UDSK�*�NRQVWUXLHUW��GHU�6�HLQEHWWHW�XQG�GLH�JHZ�QVFKWH�'LODWLRQ�KDW��'LH�NRQYH[H�
+�OOH� GHV� )�QIHFNV� LVW� 7HLOPHQJH� YRQ� *�� ,Q� GLHVHP� )�QIHFN� EHILQGHW� VLFK� HLQ�'UDFKHQ� GHVVHQ�
6\PPHWULHDFKVH�DXI�GHU�;�$FKVH�OLHJW�XQG�GHVVHQ�DQGHUH�'LDJRQDOH�XP��F�YHUVFKREHQ��SDUDOOHO�]XU�
<�$FKVH�YHUOlXIW��'LH�YLHU�(FNSXQNWH�GHV�'UDFKHQV�ZHUGHQ�PLW�)��*��+��-�EHQDQQW��ZREHL�GLHVH�
3XQNWH� IROJHQGHQ� .RRUGLQDWHQ� KDEHQ�� )�  � �G����� *�  � ��F�� E��� +�  � ��K�� ���� - � ��F�� �E��PLW� GHQ�
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3DUDPHWHUQ� �� ≤� E�� F�� G�� K�≤� ��� $X�HUGHP� JLEW� HV� HLQHQ� LQQHUHQ� 3XQNW�.� GHV�9LHUHFNV�PLW� GHQ�
.RRUGLQDWHQ� . � ��L�� ��� I�U� �� ≤� L� ≤� ��� 'HU�:HUW� GHU� 3DUDPHWHU� ZLUG� VSlWHU� EHVWLPPW�� 8P� GDV�
)�QIHFN��GDV�LQQHUH�9LHUHFN�XQG�GHQ�0LWWHOSXQNW�PLWHLQDQGHU�]X�YHUELQGHQ��NRPPHQ�QRFK�IROJHQGH�
.DQWHQ�]XU�.DQWHQPHQJH�KLQ]X��$)��%)��%*��&*��&+��'+��'-��(-��()��).��*.��+.�XQG�-.��

2IIHQVLFKWOLFK� KlQJW� GLH�'LODWLRQ� GLHVHV�*UDSKHQ� YRQ� GHQ� I�QI� 3DUDPHWHUQ� DE��'LHVH� 3DUDPHWHU�
ZXUGHQ�PLWKLOIH� GHV� LP� $QKDQJ� LQ� /LVWLQJ� �� DXIJHI�KUWHQ� 3URJUDPPV� LQ� PHKUHUHQ�'XUFKOlXIHQ�
QXPHULVFK�RSWLPLHUW���

A

B

C

D

E

F

G

H

J

K

d

c

i

h

b

�
$EELOGXQJ����'LH�(LQEHWWXQJ�GHV�)�QIHFNV�PLW�'LODWLRQ���������

,Q�MHGHP�'XUFKODXI�ZXUGH�GHQ�3DUDPHWHUQ�HLQ�:HUWHEHUHLFK�XQG�HLQH�6FKULWWJU|�H�]XJHZLHVHQ��$XV�
GLHVHP�:HUWHEHUHLFK�ZXUGHQ�GDQQ�GHQ�3DUDPHWHUQ�:HUWH�LP�$EVWDQG�GHU�6FKULWWJU|�H�]XJHZLHVHQ��
)�U�DOOH�P|JOLFKHQ�GDUDXV�UHVXOWLHUHQGHQ�3DUDPHWHUNRPELQDWLRQHQ�ZXUGH�GHU�HQWVSUHFKHQGH�*UDSK�
XQG� GHVVHQ� 'LODWLRQ� EHUHFKQHW�� ,P� QlFKVWHQ� 'XUFKODXI� ZXUGH� GDQQ� GLH� 6FKULWWJU|�H� XQG� GHU�
:HUWHEHUHLFK�DQJHSDVVW��'LH�(UJHEQLVVH�GHU�HLQ]HOQHQ�'XUFKOlXIH�VLQG�LQ�7DEHOOH���DXIJHOLVWHW��

,Q� GHU� =HLOH� 'LODWLRQ� VWHKW� GLH� 'LODWLRQ� GHV� *UDSKHQ� I�U� GLH� EHVWH� 3DUDPHWHUNRQVWHOODWLRQ� GHV�
'XUFKODXIV�� 'LH� (UJHEQLV� E� JLEW� GHQ� 3DUDPHWHUZHUW� I�U� E� GHU� .RQILJXUDWLRQ� PLW� GHU� JHULQJVWHQ�
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'LODWLRQ�DQ��$QDORJ�GD]X�JHEHQ�(UJHEQLV� F��(UJHEQLV�G��(UJHEQLV�K��(UJHEQLV�L��MHZHLOV�GHQ�]XJHK|ULJHQ�
3DUDPHWHUZHUW� GHU� EHVWHQ� .RQILJXUDWLRQ� DQ�� 'HU� :HUWHEHUHLFK� JLEW� GDV� ,QWHUYDOO� DQ�� DXV� GHP�
3DUDPHWHUZHUWH�HLQJHVHW]W�ZXUGHQ��

'XUFKODXI��1U�� �� �� �� �� ��
'LODWLRQ� �������� �������� �������� �������� ��������
6FKULWWJU|�H� ���� ����� ������ ������� �������
:HUWHEHUHLFK�E� ���������� ������������ �������������� ���������������� ����������������
:HUWHEHUHLFK�F� ���������� ������������ �������������� ���������������� ����������������
:HUWHEHUHLFK�G� ���������� ������������ �������������� ���������������� ����������������
:HUWHEHUHLFK�K� ���������� ������������ �������������� ���������������� ����������������
:HUWHEHUHLFK�L� F�����K� F�����K� F�����K� F����������� ����������������
(UJHEQLV�E� ���� ����� ������ ������� �������
(UJHEQLV�F� ���� ����� ������ ������� �������
(UJHEQLV�G�� ���� ����� ������ ������� �������
(UJHEQLV�K�� ���� ����� ������ ������� �������
(UJHEQLV�L� ���� ����� ������ ������� �������
�

1U�� �� �� ��
'LODWLRQ� ��������� �������� ��������
6FKULWWJU|�H� ������� ������� �������
:HUWHEHUHLFK�E� ���������������� ���������������� ����������������
:HUWHEHUHLFK�F� ���������������� ���������������� ����������������
:HUWHEHUHLFK�G� �������������� ���������������� ����������������
:HUWHEHUHLFK�K� ���������������� ���������������� ����������������
:HUWHEHUHLFK�L� ���������������� ���������������� ����������������
(UJHEQLV�E� ������� ������� �������
(UJHEQLV�F� ������� ������� �������
(UJHEQLV�G�� ������� ������� �������
(UJHEQLV�K�� ������� ������� �������
(UJHEQLV�L� ������� ������� �������

7DEHOOH����'LODWLRQ�XQG�EHVWH�3DUDPHWHU�EHL�PHKUHUHQ�'XUFKOlXIHQ�PLW�YHUVFKLHGHQHQ�6FKULWWJU|�HQ��
.XUVLY�XQG�IHWW� VLQG�GLH�3DUDPHWHU�GDUJHVWHOOW��GLH�YHUPXWOLFK�DQ�LKUH�%HUHLFKVJUHQ]H�JHVWR�HQ�VLQG��
VR� GDVV� GHU� QlFKVWH� 'XUFKODXI� PLW� YHUlQGHUWHQ� %HUHLFKVJUHQ]HQ� XQG� JOHLFKHU� 6FKULWWJU|�H�
GXUFKJHI�KUW�ZXUGH��

�
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3ULQ]LSLHOO� ZXUGH� GLH� 6FKULWWJU|�H� XP� GHQ� )DNWRU� ��� YHUNOHLQHUW� XQG� GHU� :HUWHEHUHLFK� HEHQVR��
$X�HUGHP�ZXUGH�GHU�:HUWHEHUHLFK��EHU�GHP�EHVWHQ�OHW]WHQ�3DUDPHWHUZHUW�]HQWULHUW��$E�GHP�YLHUWHQ�
'XUFKODXI��JDE�HV�3DUDPHWHU��GLH�DQ�GHU�%HUHLFKVJUHQ]H�ODJHQ��'LHVH�3DUDPHWHU�VLQG�LQ�GHU�7DEHOOH�
NXUVLY� XQG� IHWW� KHUYRUJHKREHQ�� ,Q� GLHVHQ� )lOOHQ�ZXUGH� GLH� 6FKULWWJU|�H� EHLEHKDOWHQ� XQG� QXU� GLH�
:HUWHEHUHLFKH�GHU�3DUDPHWHU�YHUlQGHUW��

:LH�DXV�GHU�7DEHOOH� �� HUVLFKWOLFK� LVW��JLEW� HV�HLQH�3DUDPHWHUNRQILJXUDWLRQ�� VR�GDVV�GLH�'LODWLRQ�GHV�
*UDSKHQ�NOHLQHU�DOV���������LVW��'DPLW�LVW�GDV�7KHRUHP���EHZLHVHQ�� � 

 

 

 

�

�

�

�

�

�

�

�

�

�

�
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���817(5(�6&+5$1.(�)h5�*5$3+(1�0,7�%(6&+5b1.7(5�)/b&+(1*5g66(�

,Q�.DSLWHO���ZXUGH�HLQH�REHUH�6FKUDQNH�I�U�GLH�(LQEHWWXQJ�HLQHV�VSH]LHOOHQ�3UREOHPV�EHZLHVHQ��(V�
JLEW� DXFK� HLQH� REHUH�6FKUDQNH�GHV�'LODWLRQVZHUWHV� I�U�GDV�DOOJHPHLQH�3UREOHP��EHL�GHP�EHOLHELJH�
HQGOLFKH� 3XQNWPHQJHQ� LQ� *UDSKHQ� HLQJHEHWWHW� ZHUGHQ�� 'LH� EHVWH� REHUH� 6FKUDQNH� LVW� ELVKHU� YRQ�
.OHLQ� HW� DO�� >�@� JHIXQGHQ� ZRUGHQ� XQG� EHWUlJW� ��������'DEHL� ZXUGH� HLQ� XQHQGOLFKHU� SHULRGLVFKHU�
*UDSK�YHUZHQGHW��GHU�HQWVSUHFKHQG�GHU�HLQ]XEHWWHQGHQ�3XQNWPHQJH�6�YHUNOHLQHUW�RGHU�YHUJU|�HUW�
ZXUGH�� VLHKH� $EELOGXQJ� ��� $QVFKOLH�HQG� ZXUGH� HLQ� 7HLOJUDSK� PLW� GHU� JHZ�QVFKWHQ� 'LODWLRQ�
KHUDXVJHVFKQLWWHQ��

,Q�GLHVHP�.DSLWHO�ZLUG�HLQH�XQWHUH�6FKUDQNH�I�U�XQHQGOLFKH�*UDSKHQ�PLW�EHVFKUlQNWHU�)OlFKHQJU|�H�
EHZLHVHQ��$OOH�SHULRGLVFKHQ��XQHQGOLFKHQ�*UDSKHQ�KDEHQ� HLQH�EHVFKUlQNWH�)OlFKHQJU|�H�� VR�GDVV�
PDQ�GDPLW� HLQH�XQWHUH�6FKUDQNH�I�U�GLHVH�*UDSKHQW\SHQ�KDW��$OOHUGLQJV�ZXUGH�QRFK�NHLQH�XQWHUH�
6FKUDQNH�JU|�HU�DOV���I�U�HLQH�NRQNUHWH�HQGOLFKH�3XQNWPHQJH�EHZLHVHQ��'HU�,QKDOW�GLHVHV�.DSLWHOV�
LVW�GHU�%HZHLV�IROJHQGHQ�7KHRUHPV��

7KHRUHP����6HL�*�HLQ�XQHQGOLFKHU��SODQDUHU�*UDSK��'HU�'XUFKPHVVHU�DOOHU�)OlFKHQ�YRQ�*�VHL�YRQ�REHQ�GXUFK�HLQH�
.RQVWDQWH�EHVFKUlQNW��'DQQ�JLOW�I�U�GLH�'LODWLRQ�δ*�YRQ�*��δ*�!�����������

$QVFKOLH�HQG�ZLUG�QRFK�HLQ�7KHRUHP�EHZLHVHQ��GDV�HLQH�XQWHUH�6FKUDQNH�I�U�GLH�(LQEHWWXQJ�HLQHU�
JHVFKORVVHQHQ��NRQYH[HQ�.XUYH�EHWULIIW��

7KHRUHP� ��� 6HL� &� GLH� 3XQNWPHQJH� HLQHU� JHVFKORVVHQHQ�� NRQYH[HQ� .XUYH�� 'DQQ� LVW� GLH� 'LODWLRQ� GXUFK�
001916.1>Cδ EHVFKUlQNW��

'DV�(UJHEQLV�EDVLHUW�DXI�GHU�VFKRQ�JHQDQQWHQ�$UEHLW�YRQ�5��.OHLQ�HW�DO��>�@��'DULQ�ZLUG�HLQH�XQWHUH�
6FKUDQNH�YRQ���������YRUJHVWHOOW��'DUDXI�DXIEDXHQG�ZLUG�LQ�.DSLWHO�����GLH�DOOJHPHLQH�.RQVWUXNWLRQ�
GHV�%HZHLVHV�]X�7KHRUHP���XQG���YRUJHVWHOOW��'DEHL�ZLUG�LQ�]ZHL�)lOOHQ�GLH�%HKDXSWXQJ�DXIJHVWHOOW��
GDVV�GLH�NOHLQVWP|JOLFKH�'LODWLRQ�LQ�GLHVHP�)DOO�EHL�HLQHP�VSH]LHOOHQ�3XQNWHSDDU�DXIWULWW��GLH�DEHU�LQ�
>�@�QLFKW�EHZHLVHQ�ZHUGHQ��)�U�GLHVH�%HKDXSWXQJHQ�ZHUGHQ�LQ�7HLO�����XQG�����%HZHLVH�YRUJHVWHOOW���

�
�
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����$//*(0(,1(�%(:(,6.216758.7,21�

,Q� $EVFKQLWW� ���� ZLUG� GLH� %HZHLVNRQVWUXNWLRQ� ]X� 7KHRUHP� �� YRUJHVWHOOW�� $XIEDXHQG� DXI� GLHVHQ�
(UJHEQLVVHQ�ZLUG�DP�(QGH�GLHVHV�.DSLWHOV�QRFK�HLQH�XQWHUH�6FKUDQNH�I�U�HLQH�JHVFKORVVHQH��NRQYH[H�
.XUYH�EHZLHVHQ��(V�ZLUG�PLW�HLQHU�'HILQLWLRQ�EHJRQQHQ���
'HILQLWLRQ����6HL�*�HLQ�SODQDUHU�*UDSK�XQG�5�HLQH�)OlFKH�YRQ�*�GHVVHQ�5DQG�GXUFK�∂�5��JHJHEHQ�LVW��)HUQHU�VHL�
GHU�'XUFKPHVVHU�YRQ�5�GHILQLHUW�GXUFK��

|;sup{|)( pqRdiam = �S��T�.QRWHQ�YRQ�5`����
ZREHL�XQEHJUHQ]WH�)OlFKHQ�XQEHJUHQ]WHQ�'XUFKPHVVHU�KDEHQ���

6HL�5�HLQH�EHJUHQ]WH�)OlFKH�YRQ�*�XQG�K���K��]ZHL�.QRWHQ�YRQ�∂�5���VR�GDVV� )(| 21 Rdiamhh = ��'DQQ�LVW�I�U�MHGH�
SRVLWLYH�=DKO� U� GLH� U�²�1DFKEDUVFKDIW� YRQ�5�� GLH�0HQJH� YRQ� )OlFKHQ� DXV�*��GLH� HLQH�QLFKWOHHUHQ�6FKQLWW�PLW� GHU�
.UHLVVFKHLEH�PLW�5DGLXV�U�KDEHQ��GHVVHQ�0LWWHOSXQNW�DXI�GHU�0LWWH�GHU�6WUHFNH�K�K��OLHJW��

'HU�.HUQ�YRQ�GHP�%HZHLV�I�U�7KHRUHP���LVW�IROJHQGHV�/HPPD��

/HPPD����)�U�MHGHU�3DUDPHWHU�F�∈�>������@�H[LVWLHUHQ�]ZHL�=DKOHQ�ρ�!���XQG�δ�!����VR�GDVV�IROJHQGHV�JLOW��6HL�
*� HLQ� SODQDUHU�*UDSK�*�� GHU� HLQH� EHJUHQ]H�)OlFKH�5�PLW�'XUFKPHVVHU� G� HQWKlOW�� VR� GDVV� GHU�'XUFKPHVVHU� DOOHU�
)OlFKHQ�LQ�GHU�ρG�²�1DFKEDUVFKDIW�YRQ�5��NOHLQHU�DOV�FG�LVW��'DQQ�KDW�*�HLQH�'LODWLRQ�YRQ�PLQGHVWHQV�δ���

%HZHLV��2KQH�%HVFKUlQNXQJ�GHU�$OOJHPHLQKHLW�NDQQ�DQJHQRPPHQ�ZHUGHQ��GDVV�GLH�)OlFKH�5�GHQ�
'XUFKPHVVHU���EHVLW]W��$X�HUGHP�NDQQ�DQJHQRPPHQ�ZHUGHQ��GDVV�GLH�0LWWH�GHV�'XUFKPHVVHUV�GHU�
8UVSUXQJ� LVW� XQG� GHU� 'XUFKPHVVHU� YHUWLNDO� YHUOlXIW�� VLHKH� $EELOGXQJ� ��� 'D� GLH� 'LODWLRQ� HLQHU�
7ULDQJXOLHUXQJ�YRQ�*�QLFKW�JU|�HU�DOV�GLH�'LODWLRQ�YRQ�*�LVW��ZLUG�DXFK�DQJHQRPPHQ��GDVV�*�HLQH�
7ULDQJXOLHUXQJ�GHU�.QRWHQPHQJH�LVW��

-HW]W�ZHUGHQ�]ZHL�5HFKWHFNH�OLQNV�XQG�UHFKWV�YRQ�5�DXI�GLH�;�$FKVH�SODW]LHUW��'LH�5HFKWHFNH�ZHUGHQ�
3��� 3�� JHQDQQW�� 6LH� KDEHQ� GLH�+|KH� D� XQG� /lQJH� F� XQG� VLH� OLHJHQ� V\PPHWULVFK� ]XU� ;�$FKVH� LQ�
(QWIHUQXQJ�Y�≥�����YRP�8UVSUXQJ��'LH�:HUWH�GHU�3DUDPHWHU�Y�XQG�D�ZHUGHQ�VSlWHU�EHVWLPPW���

'LH�5HFKWHFNH�3��XQG�3��ZHUGHQ�YRQ�]ZHL�ZHLWHUHQ�JU|�HUH�5HFKWHFNH�%��XQG�%��HLQJHVFKORVVHQ��%���
%��KDEHQ�GLH�%UHLWH�F�XQG�+|KH� ac −⋅2 �XQG�VLQG�MHZHLOV�V\PPHWULVFK�]XU�;�$FKVH���

�
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$EELOGXQJ����.RQVWUXNWLRQ�GHV�%HZHLVHV�I�U�GLH�XQWHUH�6FKUDQNH�YRQ�*UDSKHQ�
PLW�EHVFKUlQNWHU�)OlFKHQJU|�H�

$QJHQRPPHQ�GHU�'XUFKPHVVHU�DOOHU�)OlFKHQ�YRQ�*�LQ�GHU� ρ�²�1DFKEDUVFKDIW�YRQ�5�LVW�QLFKW�JU|�HU�
DOV�F��ZREHL� cv +=:ρ �JHVHW]W�ZLUG��1XQ�ZLUG�GDV�5HFKWHFN�% ��EHWUDFKWHW��ZREHL�GDVVHOEH�QDW�UOLFK�
DQDORJ�DXFK�I�U�% ��JLOW��'LH�(QWIHUQXQJ�GHU�UHFKWHQ�(FNSXQNWH�YRQ�% ��YRP�8UVSUXQJ�LVW�NOHLQHU�DOV �

ρ=+<+ 222 )( cvcv ��

'DV�EHGHXWHW��GDVV�GLH�UHFKWH�6HLWH�YRQ�% ��YROOVWlQGLJ�LQ�GHP�.UHL V�PLW�5DGLXV�ρ��GHVVHQ�0LWWHOSXQNW�
GHU�8UVSUXQJ�LVW��HQWKDOWHQ�LVW��'DGXUFK�ZLUG�VLFKHUJHVWHOOW��GDVV�GLH�UHFKWH�6HLWH�YRQ�% ��QXU�)OlFKHQ�
VFKQHLGHW��GHUHQ�'XUFKPHVVHU�GXUFK�F�EHVFKUlQNW�LVW��(V�N|QQHQ�NHLQH�]ZHL�3XQNWH�H[LVWLHUHQ��YRQ�
GHQHQ�HLQHU�UHFKWV�XQG�GHU�DQGHUH� OLQNV�YRQ�% ��OLHJW��GLH�DXI�GHP�5DQG�GHUVHOEHQ�)OlFKH�OLHJHQ��ZHLO�
GHU�'XUFKPHVVHU�GLHVHU�)OlFKH�VRQVW�JU|�HU�DOV�F�ZlUH��'DV�KHL�W��GLH�UHFKWH�XQG�GLH�OLQNH�6HLWH�YRQ�
%��P�VVHQ�GXUFK�HLQHQ�.DQWHQ]XJ�=��GHU�GLH�REHUH�XQG�XQWHUH�6HLWH�YRQ�% ��VFKQHLGHW��YRQ�HLQDQGHU�
JHWUHQQW�VHLQ��'D�DEHU�HLQH�.DQWH�PD[LPDO�GLH�/lQJH�F�KDEHQ�NDQQ�LVW�IROJHQGH�%HKDXSWXQJ�ZDKU� �

%HKDXSWXQJ����(V�JLOW�PLQGHVWHQV�HLQH�GHU�IROJHQGHQ�$XVVDJHQ� �

- (V�JLEW�HLQHQ�.QRWHQ�YRQ�*�LQ�3 ��RGHU�
- ]ZHL�.QRWHQ�YRQ�*�LQ�% �?3���ZRYRQ�MHZHLOV�HLQHU�REHU KDOE�XQG�HLQHU�XQWHUKDOE�YRQ�3 ��OLHJW��
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%HZHLV��$QJHQRPPHQ�HV�JlEH�NHLQHQ�.QRWHQ�LQ�3��XQG�NHLQHQ�.QRWHQ�LQ�GHU�XQWHUHQ�+lOIWH�YRQ�
%���'DQQ�P�VVWH�HV�/LQLHQVHJPHQW�LQ�GHP�.DQWHQ]XJ�=�JHEHQ��GDV�OlQJHU�LVW�DOV��

� ½ ��+|KH�YRQ�3����+|KH�YRQ�%���� � c
a

c
a =−+

22
��

'DV�LVW�HLQ�:LGHUVSUXFK�]X�GHU�$QQDKPH��GDVV�GLH�.DQWHQ�QLFKW�OlQJHU�DOV�F�VHLQ�G�UIHQ��:RPLW�GLH�
%HKDXSWXQJ�EHZLHVHQ�LVW��$QDORJ�JHKW�GHU�%HZHLV��ZHQQ�NHLQ�.QRWHQ�LQ�3��XQG�NHLQ�.QRWHQ�LQ�GHU�
REHUHQ�+lOIWH�YRQ�%��LVW��

-HW]W�ZLUG� XQWHUVXFKW��ZLH�PDQ� GLH� 3DUDPHWHU� D� XQG� Y�ZlKOHQ�PXVV�� XP� HLQH�'LODWLRQ�δ�!��� ]X�
HUKDOWHQ��2IIHQVLFKWOLFK�PXVV� MHGHU�:HJ�� GHU� ]ZHL� 3XQNWH�S�∈�%��XQG� T�∈�%��YHUELQGHW�� XP� GLH�
)OlFKH�5�KHUXPJHKHQ��'LHVHU�:HJ�KDW�PLQGHVWHQV�GLH�/lQJH�

PLQ��_SK�_�_K�T_��_SK�_�_K�T_����

'DEHL�P�VVHQ���)lOOH�XQWHUVFKLHGHQ�ZHUGHQ��

��� 3��XQG�3��HQWKDOWHQ�MHZHLOV�PLQGHVWHQV�HLQHQ�.QRWHQ�YRQ�*��:HQQ�D�����LVW��GDQQ�YHUXUVDFKHQ�
GLHVH�EHLGHQ�.QRWHQ�HLQH�'LODWLRQ�δ�!�����

��� %�?3��XQG�%�?3��HQWKDOWHQ�MHZHLOV�]ZHL�.QRWHQ�YRQ�*��'DEHL�OLHJW�MHZHLOV�HLQ�.QRWHQ�REHUKDOE�
XQG�HLQHU�XQWHUKDOE�YRQ�3��E]Z��3���6HL�S�HLQ�.QRWHQ�LQ�GHU�XQWHUHQ�+lOIWH�YRQ�%��XQG�T�LQ�GHU�
REHUHQ� +lOIWH� YRQ� %��� 2KQH� %HVFKUlQNXQJ� GHU� $OOJHPHLQKHLW� ZLUG� DQJHQRPPHQ�� GDVV� GHU�
N�U]HVWH�:HJ�YRQ�S�QDFK�T�REHUKDOE�YRQ�5�YHUOlXIW��VRQVW�ZLUG�GLH�.RQVWUXNWLRQ�XP�π�JHGUHKW��
GHQQ�GLH�.RQVWUXNWLRQ�LVW�GUHKV\PPHWULVFK�XP�GHQ�8UVSUXQJ��'LH�/lQJH�GHU�N�U]HVWHQ�3IDGHV�
YRQ�S�QDFK�T�EHWUlJW�DOVR�PLQGHVWHQV�_SK�_���_K�T_��6HL�X��GHU�6FKQLWWSXQNW�GHU�;�$FKVH�PLW�
GHU�OLQNHQ�5DQG�YRQ�%��XQG�VHL�U��GHU�OLQNH�REHUH�(FNSXQNW�YRQ�%����6HOEVW�ZHQQ�S�XQG�T�LQ�GHQ�
H[WUHPHQ�3RVLWLRQHQ�X��XQG� U��ZlUHQ��GLH� LQ�$EELOGXQJ���GDUJHVWHOOW� VLQG��PXVV�GHU�.QRWHQ�U��
XQWHUKDOE�GHU�*HUDGH�/� OLHJHQ��GLH�GXUFK�GLH�3XQNW�X��XQG�K��JHKW��XP�HLQH�'LODWLRQ�δ�!���]X�
JDUDQWLHUHQ��'LH�*HUDGHQJOHLFKXQJ�YRQ�/�LVW�JHJHEHQ�GXUFK��

2

1

)(2

1 +⋅
+⋅

= X
cv

Y
�

(V�PXVV�DOVR�VLFKHUJHVWHOOW�ZHUGHQ��GDVV�
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2

1

)(2

1
)

2
( +

+⋅
<− v

cv

a
c

����
Ù���

cv

v
ca

+
−−> 12 �JLOW��

=XVDPPHQ�PLW�GHU�%HGLQJXQJ�D�����DXV�)DOO���HUKlOW�PDQ��
02223 >

+
>−+>−

cv

c
cac ���

��� (V� JLEW�PLQGHVWHQV� HLQHQ�.QRWHQ�S� LQ�3�� XQG�]ZHL�.QRWHQ� LQ�%��� MHZHLOV�HLQHQ�REHUKDOE�XQG�
HLQHQ� XQWHUKDOE� YRQ� 3���$QJHQRPPHQ� S� OLHJW� LQ� GHU� XQWHUHQ� +lOIWH� YRQ� 3��� GDQQ� VHL� T� HLQ�
.QRWHQ� DXV�*� GHU� LQ� %�� REHUKDOE� YRQ� 3�� OLHJW�� 'DQQ� LVW� GLH�$UJXPHQWDWLRQ� GLHVHOEH�ZLH� LP�
]ZHLWHQ�)DOO��

2IIHQVLFKWOLFK�N|QQHQ�GLHVH�%HGLQJXQJHQ�HUI�OOW�ZHUGHQ�IDOOV�F�∈�>������>��=XHUVW�ZLUG�GHU�3DUDPHWHU�
D�∈�@�F�²�����>�DXVJHZlKOW��ZDV�VLFKHU�VWHOOW��GDVV� 02223 >−+>− cac �JLOW��GDQDFK�ZLUG�GDV�Y�≥�����
JUR��JHQXJ�JHZlKOW��GDVV�DXFK��

022 >
+

>−+
cv

c
ca �JLOW���

:RPLW�/HPPD���EHZLHVHQ�ZlUH�� � � � � � � � ��

�

8P� HLQH� P|JOLFKVW� KRKH� XQWHUH� 6FKUDQNH� ]X� EHZHLVHQ�� P�VVHQ� GLH� 3DUDPHWHUZHUWH� JHIXQGHQ�
ZHUGHQ��GLH�GLH�PLQLPDOH�'LODWLRQ�DXV�DOOHQ���)lOOHQ�PD[LPLHUW��'DEHL�ZHUGHQ�GHU�]ZHLWH�XQG�GULWWH�
)DOO�]XVDPPHQJHIDVVW��LQGHP�PDQ�MHZHLOV�GLH�REHUH�XQG�XQWHUH�+lOIWH�YRQ�%��E]Z��%��EHWUDFKWHW��6HL�
S�∈�XQWHUH�+lOIWH�YRQ�%��XQG�T�∈�REHUH�+lOIWH�YRQ�%��GDV�3XQNWHSDDU�I�U�GDV�_SK�_�_K�T_�PLQLPDO�
ZLUG�� 'DQQ� LVW� _SK�_�_K�T_� DXFK� HLQH� XQWHUH� 6FKUDQNH� YRQ� )DOO� �� XQG� ��� GD� �Q� )DOO� �� XQG� ��
7HLOPHQJHQ�GLHVHV�]XVDPPHQJHIDVVWHQ�)DOOV�EHWUDFKWHW�ZHUGHQ��

,P�HUVWHQ�)DOO�ZLUG�GLH�'LODWLRQ�PLQLPDO�� IDOOV�VLFK�GLH�.QRWHQ� MHZHLOV� LQ�GHU�lX�HUHQ�REHUHQ�RGHU�
XQWHUHQ�(FNHQ�EHILQGHQ��$OVR�IDOOV�VLH�VLFK�LQ�GHQ�EHLGHQ�REHUHQ�lX�HUHQ�(FNHQ��GLH�LQ�$EELOGXQJ���
V��XQG�V��JHQDQQW�VLQG��RGHU�LQ�GHQ�EHLGHQ�XQWHUHQ�lX�HUHQ�(FNHQ�EHILQGHQ��'LHV�ZLUG�LQ�.DSLWHO�����
GXUFK�/HPPD���EHZLHVHQ��,P�]ZHLWHQ�XQG�GULWWHQ�)DOO�ZLUG�GLH�'LODWLRQ�PLQLPDO��ZHQQ�GLH�HLQ]LJHQ�
.QRWHQ�LQ�GHU�OLQNHQ�REHUHQ�(FNH�YRQ�%��XQG�DXI�GHP�6FKQLWWSXQNW�GHU�OLQNHQ�6HLWH�YRQ�%��PLW�GHU�



 17 

;�$FKVH� OLHJHQ�� ,Q� $EELOGXQJ� �� VLQG� GLHVH� 3XQNW� X��XQG� U��JHQDQQW��'LHV�ZLUG� LQ�.DSLWHO� ���� LQ�
/HPPD���JH]HLJW��

8P�GLH�3DUDPHWHURSWLPLHUXQJ�I�U�D�XQG�Y�GXUFK]XI�KUHQ�XQG�HLQH�P|JOLFKVW�JXWH�XQWHUH�6FKUDQNH�
]X� HUKDOWHQ�� ZXUGH� GDV� 3URJUDPP� YHUZHQGHW�� GDV� LP�$QKDQJ� LQ� /LVWLQJ� �� DXIJHI�KUW� LVW�� 'DEHL�
ZXUGHQ� HLQIDFK�P|JOLFKH�3DUDPHWHUZHUWH�DXV�GHP�:HUWHEHUHLFK�LP�$EVWDQG�������HLQJHVHW]W�XQG�
GLH�0LQGHVWGLODWLRQ� DXVJHUHFKQHW�� 'LH�5HVXOWDWH� GHU� %HUHFKQXQJ� VLQG� LQ� GHU�7DEHOOH���DXIJHOLVWHW��
'DEHL�VWHKW�LQ�GHU�6SDOWH�F�MHZHLOV�GHU�:HUW�YRQ�F��,Q�GHU�6SDOWH�δ�VWHKW�GHU�:HUW�GHU�'LODWLRQ�I�U�GLH�
EHVWH�:DKO�GHU�3DUDPHWHU�I�U�GDV�JHJHEHQH�F��$QVFKOLH�HQG�ZHUGHQ�GLH�:HUWH�D�XQG�Y�DXIJHOLVWHW��EHL�
GHQHQ�GLHVHU�'LODWLRQVZHUW�JHIXQGHQ�ZXUGH��=XP�6FKOXVV�ZLUG�QRFK�GHU�:HUW�I�U�ρ�JHJHEHQ���

&� δδ� D� 9� ρρ�
���� ��������� ��������� ����� �����
������� ��������� ��������� ������ �������
���� ��������� ��������� ����� �����
���� ��������� ��������� ������ ������
���� ��������� ��������� ������ ������
���� ��������� ��������� ������� �������

7DEHOOH����1XPHULVFKH�:HUWH�GHU�%HUHFKQXQJ�GHU�XQWHUHQ�6FKUDQNH�

'DPLW� NDQQ� MHW]W� 7KHRUHP� �� EHZLHVHQ� ZHUGHQ�� *HPl�� GHU� $QQDKPH� H[LVWLHUW� HLQ� HQGOLFKHV�
:)(sup{:ˆ Rdiamd = 5� LVW� )OlFKH� YRQ� *`�� )�U� MHGHV� ε� !� �� H[LVWLHUW� HLQH� )OlFKH� 5� I�U� GHUHQ�

'XUFKPHVVHU� JLOW�� dRdiam ˆ)1()( ⋅−> ε �� $XIJUXQG� GHU� $QQDKPH� JLOW� I�U� MHGH� )OlFKH� 5·� YRQ�*��
LQVEHVRQGHUH�GHUMHQLJHQ�)OlFKHQ��GLH�VLFK�LQ�HLQHU�ρ���1DFKEDUVFKDIW�I�U�HLQ�EHOLHELJHV�ρ�EHILQGHQ��

)(0001.1)(
1

1ˆ)'( RdiamRdiamdRdiam ⋅≤⋅
−

≤≤
ε

��I�U�DXVUHLFKHQG�NOHLQH�ε��

$OVR�LVW�GLH�'LODWLRQ�GHV�*UDSKHQ�*�PLQGHVWHQV����������� � � � � � 

'LH�XQWHUH�6FKUDQNH�LQ�GLHVHU�$UEHLW�LVW�DXV�]ZHL�*U�QGHQ�HWZDV�K|KHU�DOV�LQ�GHU�]XJUXQGH�OLHJHQGH�
$UEHLW�YRQ�.OHLQ�HW�DO��>�@��

- 'LH�5HFKWHFNH�%��XQG�%���VLQG�HWZDV�VFKPDOHU�

- )�U�Y�ZLUG�QLFKW�Y�!� 2/3 ��VRQGHUQ�QXU�Y�≥�����YRUDXVJHVHW]W��
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0LW�+LOIH�GHU�(UJHEQLVVH�YRQ�/HPPD���XQG�7KHRUHP���OlVVW�VLFK�HLQH�ZHLWHUH�XQWHUH�6FKUDQNH�I�U�
GLH�(LQEHWWXQJ�HLQHU�JHVFKORVVHQHQ��NRQYH[HQ�.XUYH�EHZHLVHQ��

7KHRUHP� ��� 6HL� &� GLH� 3XQNWPHQJH� HLQHU� JHVFKORVVHQHQ�� NRQYH[HQ� .XUYH�� 'DQQ� LVW� GLH� 'LODWLRQ� GXUFK�
001916.1>Cδ EHVFKUlQNW��

%HZHLV��'LH�%HZHLVNRQVWUXNWLRQ� VWDPPW� DXV� HLQHU�$UEHLW� YRQ�.OHLQ�HW� DO�� >�@��'LH�K|KHUH�XQWHUH�
6FKUDQNH� LQ�GLHVHU�$UEHLW� LP�9HUJOHLFK� ]X�GHU�$UEHLW�YRQ�.OHLQ�HW� DO��EHUXKW�DXI�GHU�YHUEHVVHUWHQ�
XQWHUHQ�6FKUDQNH�DXV�/HPPD���XQG�7KHRUHP����

$QJHQRPPHQ�PDQ�N|QQWH�HLQH�'LODWLRQ�≤����������HUUHLFKHQ��LQGHP�PDQ�HLQHQ�HQGOLFKHQ�*UDSK�*�
]X�&�KLQ]XI�JW��0DQ�NDQQ�GDYRQ�DXVJHKHQ��GDVV�*�YROOVWlQGLJ�YRQ�&�HLQJHVFKORVVHQ�LVW��GD�DXIJUXQG�
GHU�.RQYH[LWlW�YRQ�&��.DQWHQ�DX�HUKDOE�YRQ�&�NHLQH�$EN�U]XQJ�]ZLVFKHQ�3XQNWHQ�DXV�&�ELOGHQ�
N|QQHQ�� 6HL� 5� HLQH� )OlFKH� YRQ� *� PLW� PD[LPDOHP� 'XUFKPHVVHU� G _K�K�_ ��� (V� ZLUG� GLHVHOEH�
%HZHLVNRQVWUXNWLRQ�ZLH�I�U�/HPPD���PLW�GHP�3DUDPHWHU�F� �����YHUZHQGHW��VLHKH�$EELOGXQJ�����

��� )DOOV� ZHGHU� %�� QRFK�%�� YROOVWlQGLJ� DX�HUKDOE� YRQ�&� OLHJHQ�� IROJW� DXV� /HPPD� �� XQG� GHQ�
:HUWHQ�DXV�7DEHOOH���GLH�%HKDXSWXQJ��

��� )DOOV�EHLGH�5HFKWHFNH�YROOVWlQGLJ�DX�HUKDOE�YRQ�&�OLHJHQ��PXVV�HV�]ZHL�3XQNWH�DXV�&�UHFKWV�
XQG�OLQNV�YRQ�5�DXI�GHU�;�$FKVH�JHEHQ��GHUHQ�$EVWDQG�]XP�8UVSUXQJ�NOHLQHU�DOV�Y�LVW��0LW�Y�
 ������IROJW��GDVV�GLH�'LODWLRQ�PLQGHVWHQV�IROJHQGHQ�:HUW�KDW��

25.1
66.02

66.05.02 22

>
⋅

+⋅>Cδ �

B B

R

C
1 2

vv
q

 

$EELOGXQJ� ��� .RQVWUXNWLRQ� GHU� XQWHUHQ� 6FKUDQNH� IDOOV� JHQDX� HLQ� 5HFKWHFN�
DX�HUKDOE�YRQ�&�OLHJW�
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��� )DOOV�JHQDX� HLQ�5HFKWHFN�YROOVWlQGLJ�DX�HUKDOE�YRQ�&� OLHJW��JLEW�HV�HLQHQ�3XQNW�YRQ�&�DXI�
GLHVHU� 6HLWH� YRQ� 5� DXI� GHU� ;�$FKVH�� GHVVHQ� $EVWDQG� ]XP�8UVSUXQJ� NOHLQHU� DOV� Y� LVW�� ,Q�
$EELOGXQJ���LVW�GLHVHU�3XQNW�T�JHQDQQW��$XFK�LQ�GLHVHP�)DOO�PXVV�GLH�'LODWLRQ�JU|�HU�VHLQ�DOV�
����������GD�'LODWLRQ�JU|�HU�VHLQ�PXVV�DOV�LQ�GHU�.RQVWHOODWLRQ�V��]X�V��RGHU�X��]X�U���VLHKH�
DXFK�.DSLWHO�����XQG�������

'DPLW�LVW�7KHRUHP���EHZLHVHQ�� � � � � � � � � 

 

 

 

 

 

 

 

 

�

�

�

�

�

�
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����381.7(3$$5�0,7�1,('5,*67(5�',/$7,21�,0�)$//���

,P� .DSLWHO� ���� ZXUGH� GHU� %HZHLV� I�U� GLH� XQWHUH� 6FKUDQNH� YRQ� *UDSKHQ� PLW� EHVFKUlQNWHU�
)OlFKHQJU|�H�YRUJHVWHOOW��'DEHL�IHKOWH�DOOHUGLQJV�QRFK�GHU�%HZHLV�GDI�U��GDVV�GDV�3XQNWHSDDU�V�∈�3���
V��∈� 3���PLQLPDOH�'LODWLRQ� XQWHU� DOOHQ� 3XQNWHSDDUHQ� S�∈� 3��� T�∈� 3�� KDW�� 6HLHQ� V�� XQG� V�� LQ�GHQ�
REHUHQ�� lX�HUHQ� (FNHQ� YRQ� 3�� XQG� 3��� )DOOV� GHU� N�U]HVWH� 3IDG� ξ�S�� T�� �EHU� K�� JHKW�� ZLUG� GLH�
.RQVWUXNWLRQ�DQ�GHU�;�$FKVH�JHVSLHJHOW���

'D]X� ZLUG� HLQ� EHOLHELJHV� 3XQNWHSDDU� S� ∈� 3��� T� ∈� 3�� JHZlKOW� XQG� GDQQ� JH]HLJW�� GDVV���
),(),( 21 qpss GG δδ ≤ �JLOW��'DEHL�ZLUG�LQ���6FKULWWHQ�YRUJHJDQJHQ��VLHKH�$EELOGXQJ����

��� 'DV�'UHLHFN�S��T��K��ZLUG�XP�GHQ�3XQNW�K��XP�GHQ�:LQNHO�α�JHGUHKW��GDGXUFK�HUKlOW�PDQ�GLH�
3XQNWH�S��XQG�T���GLH�EHLGH�DXI�HLQHU�3DUDOOHOHQ�]X�;�$FKVH�OLHJHQ��

��� )DOOV�S��RGHU�T��ZHLWHU�DOV�Y���F�YRQ�GHU�<�$FKVH�HQWIHUQW�OLHJHQ��ZLUG�GDV�'UHLHFN�S���T���K��XP�
GHQ�)DNWRU�φ�JHVFKUXPSIW��VR�GDVV�GLH�(QWIHUQXQJ�YRQ�S��XQG�T��YRQ�GHU�<�$FKVH�QLFKW�JU|�HU�
DOV�Y���F�LVW��'DGXUFK�HUKlOW�PDQ�GLH�3XQNWH�S���T���'DEHL�PXVV�VLFKHUJHVWHOOW�ZHUGHQ��GDVV�ZHGHU�
S��QRFK�T��REHUKDOE�GHU�*HUDGHQ�<� �D���OLHJHQ��

��� 6HL�S�� GHU�6FKQLWWSXQNW�*HUDGHQ�<� �D���PLW�GHU�3DUDOOHOHQ�]XU�<�$FKVH�GXUFK�S���6HL�T��GHU�
6FKQLWWSXQNW�GHU�*HUDGHQ�<� �D���PLW�GHU�3DUDOOHOHQ�]XU�<�$FKVH�GXUFK�T���'DQQ�ZLUG�JH]HLJW��
GDVV� ),(),( 2233 qpqp GG δδ ≤ �JLOW��

��� =XP�6FKOXVV�ZLUG�JH]HLJW��GDVV� ),(),( 3321 qpss GG δδ ≤ �JLOW��

=X�6FKULWW����7ULYLDOHUZHLVH�H[LVWLHUW�LPPHU�HLQ�:LQNHO�α��VR�GDVV�S��XQG�T��DXI�HLQHU�3DUDOOHOHQ�]X�;�
$FKVH� OLHJHQ��'DV�(LQ]LJH�ZDV�KLHU� ]X� WXQ� LVW�� LVW�]X��EHUSU�IHQ��GDVV�GLH�'LODWLRQ�EHL�'UHKXQJHQ�
QLFKW�JU|�HU�ZLUG��

),(
||

|h||h|

||

|h||h|
),( 11

11

1111
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qp

qp
qp GG δδ =
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=
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=
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�
$EELOGXQJ����'LH�6FKULWWH�]XP�%HZHLV�YRQ�/HPPD���LQ�GHU�hEHUVLFKW��

=X�6FKULWW� ��� )DOOV� S��∈� 3�� XQG� T��∈� 3��� GDQQ� LVW� φ�  � �� XQG� S�� � � S��� T�� � � T���(V�EHVWHKW�GLH�
0|JOLFKNHLW�� GDVV�S �� RGHU� T�� QLFKW� LQ� 3�� E]Z�� 3�� OLHJHQ�� )DOOV� S �� RGHU�T�� ]X�GLFKW� DQ�GHU�<�$FKVH�
OLHJHQ��VW|UW�GDV�QLFKW��$EHU�ZHQQ�S ��RGHU�T��]X�ZHLW�YRQ�GHU�< �$FKVH�HQWIHUQW�VLQG��HUKlOW�PDQ�S ��
XQG� T�� GDGXUFK�� GDVV� PDQ� GDV� 'UHLHFN� S �T�K�� XP� GHQ� )DNWRU� φ� �� �� VFKUXPSIW�� 1DFK� GHP�
6WUDKOHQVDW]��OLHJHQ�S ��XQG�T��LPPHU�QRFK�DXI�HLQHU�3DUDOOHOH�]X�; �$FKVH��$EHU�HV�PXVV�QRFK�JH]HLJW�
ZHUGHQ��GDVV�S ��XQG�T��GDQDFK�QLFKW�RE HUKDOE�GHU�*HUDGHQ�<� �D���OLHJHQ�� �

$QJHQRPPHQ�GHU�3XQNW�T ��OLHJW�DX�HUKDOE�GHV�5HFKWHFNV�3 ���'DV�EHGHXWHW��GXUFK�GLH�5RWDWLRQ�PXVV�
VLFK�GHU�3XQNW�T�YRQ�GHU�< �$FKVH�HQWIHUQW�KDEHQ�XQG�GHU�3XQNW�S�GHU�< �$FKVH�JHQDKW�KDEHQ��$OVR�
PXVV�S��GLFKWHU�DQ�GHU�< �$FKVH�DOV�S�OLHJHQ� �

h

q

p

P
P

p
q

qp

α αβ
γ

1
2

1

2

1

2

1

�
$EELOGXQJ� ��� .RQVWUXNWLRQ� XP� ]X� ]HLJHQ�� GDVV� LQ� 6FKULWW� �� QDFK� GHP�
VFKUXPSIHQ��GHU�3XQNW�T��QLFKW�REHUKDOE�GHU�*HUDGHQ�<� �D���OLHJHQ�NDQQ��
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6HL� β� GHU� :LQNHO� ]ZLVFKHQ� GHU� ;�$FKVH� XQG� *HUDGHQ� K�T� LP� 3XQNW� K��� XQG� VHL� γ� GHU� :LQNHO�
]ZLVFKHQ�K�S�XQG�GHU�:DDJHUHFKWHQ�LP�3XQNW�K���VLHKH�$EELOGXQJ����)DOOV�S�XQG�T�XQWHUKDOE�GHU�;�
$FKVH�OLHJHQ��JLOW�VLFKHU�

�_SK�_�_K�T_�!�_SK�_���_K�T_���

)ROJOLFK�NDQQ� DQJHQRPPHQ�ZHUGHQ�� GDVV�GHU�K|KHUH�GHU�EHLGHQ�3XQNWH��DOVR�S��REHUKDOE�GHU�;�
$FKVH�OLHJW��'D�GHU�$EVWDQG�_K�K�_� ���LVW��JLOW�GHVKDOE�I�U�Y�≥������GDVV�γ�≤�π���LVW��$X�HUGHP�PXVV�
DXFK� 4πβ > �VHLQ��$QJHQRPPHQ�β�ZlUH�QLFKW�JU|�HU�DOV�π����'DQQ�ZlUH��

_K�T_�� 2)2/1(2 2 ≤−+⋅ aa �I�U�D�≤����

'HU�UHFKWH�5DQG�YRQ�3��OLHJW�LQ�HLQHU�(QWIHUQXQJ��JU|�HU�DOV�Y���F�≥������YRQ�GHU�<�$FKVH�HQWIHUQW��
'DPLW�NDQQ�I�U�β�≤�π����T��QLFKW�UHFKWV�YRQ�3�� OLHJHQ��)DOOV�T��DX�HUKDOE�YRQ�3�� OLHJW�PXVV�β�DOVR�
JU|�HU�DOV�π���VHLQ��6FKOLH�OLFK�JLOW�DXFK��GDVV�α���β�≤�π���LVW��'DUDXV�IROJW�GDVV�DXFK�α�≤�π���LVW��

-HW]W�ZLUG�GHU�)DNWRU�φ�EHUHFKQHW��XP�GHQ�GDV�'UHLHFN�S���T���h��K|FKVWHQV�YHUNOHLQHUW�ZHUGHQ�PXVV��
GDPLW�T��LQQHUKDOE�YRQ�3��OLHJW��'LH�;�.RRUGLQDWH�YRQ�T��LVW���

_K�T�_�VLQ�α�β��

'LH�;�.RRUGLQDWH�YRQ�T�LVW� βsin1 ⋅qh ��'DV�EHGHXWHW��I�U�GHQ�6NDOLHUXQJVIDNWRU�φ���

βα
βφ
+

≥
sin

sin

��
OLHJW�T��VLFKHU�LQ�3���GD�GHU�$EVWDQG�YRQ�T��]XU�<�$FKVH�GDQQ�NOHLQHU�DOV�GHU�$EVWDQG�YRQ�T�]XU�<�
$FKVH�LVW��

$OV�QlFKVWHV�ZLUG�GHQ�3XQNW�S��EHWUDFKWHW��1DFK�GHU�5RWDWLRQ�OLHJW�S��XQWHUKDOE�YRQ�S��'HU�3XQNW�S�
OLHJW� LQQHUKDOE� YRQ�3�� XQG� GDPLW�XQWHUKDOE�GHU�*HUDGHQ�;� �D����'DV�KHL�W��GHU�)DNWRU�ϕ� NDQQ�
GDGXUFK�DEJHVFKlW]W�ZHUGHQ��XP�ZHOFKHQ�)DNWRU�PDQ�GDV�'UHLHFN�S�T�K��YHUNOHLQHUQ�P�VVWH��GDVV�S�
XQG�S��DXI�JOHLFKHU�+|KH�OLHJHQ��
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8P�GLH�:LQNHOVXPPHQ�LQ�GHQ�6LQXVIXQNWLRQHQ�DXI]XO|VHQ��ZLUG�IROJHQGH�5HFKQXQJ�YHUZHQGHW��
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sincoscossin

))sin(cos)sinIm((cos)Im())(Im(sin
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⋅+⋅⋅+=⋅=+=+ iiieieie

�
GD�β�≥�γ����≤�α��γ��≤�π���VLQG��LVW�VLQ�β�!�VLQ�γ�XQG�FRV�γ�!�FRV�β��'DPLW�JLOW��

1
sinsincossincossin

sinsincoscossinsin

sinsin

sinsin
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⋅⋅+⋅⋅
⋅⋅+⋅⋅

=
+⋅
+⋅

=
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βαγ
γαβ

ϕ
φ

�� �
ϕ�LVW�DOVR�NOHLQHU�DOV�φ��)ROJOLFK�OLHJW�S��QLFKW�K|KHU�DOV�S��'D�S��XQG�T��DXI�HLQHU�;�DFKVHQSDUDOOHOHQ�
*HUDGH�OLHJHQ��NDQQ�DXFK�T��QLFKW�]X�KRFK�OLHJHQ��

=X�6FKULWW����)�U�GHQ�GULWWHQ�6FKULWW�PXVV�JH]HLJW�ZHUGHQ��GDVV�GLH�3XQNWH�S��XQG�T���GLH�YHUWLNDO�
�EHU�S��XQG�T��DXI�GHU�*HUDGHQ�<� �D���OLHJHQ��HLQH�NOHLQHUH�'LODWLRQ�DOV�S��XQG�T��KDEHQ��'D]X�ZLUG�
IROJHQGHV�3UREOHP�EHWUDFKWHW��

/HPPD����*HJHEHQ�VHLHQ�]ZHL�3XQNWH�$��%��GLH�MHZHLOV�UHFKWV�XQG�OLQNV�PLW�$EVWDQG�[��\�YRP�8UVSUXQJ�DXI�GHU�
;�$FKVH� OLHJHQ�� VLHKH�$EELOGXQJ� ��� )HUQHU� H[LVWLHUH� HLQ� GULWWHU� 3XQNW�&� DXI� GHU�<�$FKVH� PLW�$EVWDQG� K� ]XP�
8UVSUXQJ��'HU�N�U]HVWH�3IDG�ξ�$��%��LVW�JHJHEHQ�GXUFK�_$&_�_&%_��'DQQ�JLOW�I�U�GLH�'LODWLRQ�δ�K��YRQ�$�XQG�
%�LQ�$EKlQJLJNHLW�YRQ�K���

�
yx

hyhx

AB

CBAC
h

+
+++

=+=
2222

||

||||
)(δ �LVW�VWUHQJ�PRQRWRQ�VWHLJHQG�I�U�K�!����

$XV�/HPPD���IROJW�GLH�%HKDXSWXQJ�I�U�6FKULWW����

=X�6FKULWW����-HW]W�OLHJHQ�GLH�3XQNWH�S��XQG�T��DXI�GHP�REHUHQ�5DQG�YRQ�3��E]Z��3���(V�EOHLEW�]X�
]HLJHQ��GDV�GLH�3XQNWH�V���V��GLH�ZHLWHU�DX�HQ�OLHJHQ�HLQH�JHULQJHUH�'LODWLRQ�KDEHQ��)�U�GLHVHQ�=ZHFN�
ZLUG�IROJHQGHV�/HPPD�YHUZHQGHW��

�
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�
$EELOGXQJ����.RQVWUXNWLRQ�I�U�%HZHLV�YRQ�/HPPD���XQG���

/HPPD����6HLHQ�$�XQG�%�]ZHL�3XQNWH��6HL�+�HLQ�+LQGHUQLV��GDVV�$�XQG�%�WUHQQW��6HL�S�HLQ�EHOLHELJHU�3XQNW�DXI�
GHU�*HUDGHQ�GXUFK�$�XQG�%��GHVVHQ�$EVWDQG�]X�%�JU|�HU�LVW�DOV�GHU�$EVWDQG�YRQ�$�XQG�%��XQG��I�U�GHQ�JLOW��GDVV�
GDV�/LQLHQVHJPHQW�YRQ�S�QDFK�%�GDV�+LQGHUQLV�+�VFKQHLGHW��VLHKH�$EELOGXQJ����'DQQ�JLOW���

δ��S��%����δ��$��%���

%HZHLV��2KQH�%HVFKUlQNXQJ�GHU�$OOJHPHLQKHLW�OLHJHQ�$�XQG�%�DXI�GHU�; �$FKVH�PLW�$EVWDQG�[�E]Z��
\�YRP�8UVSUXQJ�� VLHKH�$EELOGXQJ���� )HUQHU� VFKQHLGHW�GDV�+LQGHUQLV�GLH�; �$FKVH�XQG�GHU�REHUH�
3XQNW�&�YRQ�+� OLHJW� DXI�GHU�< �$FKVH�LQ�+|KH�K��$X�HUGHP�VHL�GHU�N�U]HVWH�3IDG�YRQ�$�QDFK�%�
JHJHEHQ�GXUFK�GLH�6WUHFNHQ�$&��&%��'DPLW�JLOW�I�U�GLH�'LODWLRQ� δ�LQ�$EKlQJLJNHLW�GHV�$EVWDQGHV�[�
YRQ�3XQNWHV�$�]XU�< �$FKVH��

yx

hyhx
x

+
+++

=
2222

)(δ �� PLW�[�\�K�!����

/HLWHW�PDQ�QXQ�δ�[��QDFK�[�DE�HUKlOW�PDQ�� �

δ·�[�� �
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'DUDXV� IROJW�� GDVV� NHLQ� ([WUHPXP� LP� 'HILQLWLRQVEHUHLFK� H[LVWLHUW�� 6HW]W� PDQ� EHOLHELJH�� SRVLWLYH�
=DKOHQ�I�U�[��\�XQG�K�HLQ��VWHOOW�PDQ�IHVW��GDVV�δ·�[������LVW��]XP�%HLVSLHO�HUJLEW�[� �\� ��K� ����

δ·�[�� �
22

1− ������

'D�δ·�[�� NHLQH�1XOOVWHOOHQ� LP�'HILQLWLRQVEHUHLFK�EHVLW]W� IROJW�� GDV�δ�[��VWUHQJ�PRQRWRQ�IDOOHQG� LVW��
'DUDXV�IROJW�GLH�%HKDXSWXQJ�YRQ�/HPPD���� � � � � � � ��

1DFK�/HPPD���JLOW� ),(),(),( 213133 ssqsqp δδδ ≥≥ ��'DPLW�LVW�IROJHQGHV�/HPPD�EHZLHVHQ��

/HPPD����6HLHQ�V��∈�3��XQG�V��∈�3��MHZHLOV�LQ�GHQ�lX�HUHQ��REHUHQ�(FNHQ�YRQ�3�E]Z��3���'DQQ��KDEHQ�V���V��HLQH�
PLQLPDOH�'LODWLRQ�XQWHU�DOOHQ�3XQNWHSDDUHQ�S�∈�3���T�∈�3���

� � � � � � � � � � � � 
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����381.7(3$$5�0,7�1,('5,*67(5�',/$7,21�,0�)$//���81'���

,Q�GLHVHP�.DSLWHO�IROJW�GHU�OHW]WH��QRFK�DXVVWHKHQGH�7HLO�GHV�%HZHLVHV�I�U�GLH�XQWHUH�6FKUDQNH�I�U�
*UDSKHQ�PLW� EHVFKUlQNWHU�)OlFKHQJU|�H��$QJHQRPPHQ� HV� OLHJW� MHZHLOV�HLQ�3XQNW� LQ�%�� XQWHUKDOE�
RGHU�DXI�GHU�;�$FKVH�XQG�HLQ�3XQNW� LQ�%��REHUKDOE�RGHU�DXI�GHU�;�$FKVH��'LHVHU�)DOO�HQWKlOW�GLH�
)lOOH���XQG���DXV�.DSLWHO������(V�LVW�NODU��GDVV�ZHQQ�PDQ�GLH�3XQNWH�S�XQG�T�DXV�HLQHU�7HLOPHQJH�
ZlKOW��GLH�'LODWLRQ�QLFKW�NOHLQHU�ZHUGHQ�NDQQ��DOV�GDV�0LQLPXP�GHU�'LODWLRQ�]ZHLHU�3XQNWH�DXV�GHU�
2EHUPHQJH��)DOOV�MHZHLOV�GHU�3XQNW�LQ�%��REHUKDOE�XQG�GHU�3XQNW�LQ�%��XQWHUKDOE�GHU�;�$FKVH�OLHJW��
JHKW�GHU�%HZHLV�JHQDXVR��(V�ZHUGHQ�GDQQ�DOOH�.RQVWUXNWLRQHQ�DQ�GHU�<�$FKVH�JHVSLHJHOW��

6HLHQ� S� ∈� %�� XQWHUKDOE� GHU� ;�$FKVH� XQG� T� ∈� %�� REHUKDOE� GHU� ;�$FKVH�� EHOLHELJ�� 6HL� X�� GHU�
6FKQLWWSXQNW�GHU�;�$FKVH�PLW�GHP�OLQNHQ�5DQG�YRQ�%���$X�HUGHP�VHL�U��GHU�OLQNH�REHUH�3XQNW�YRQ�
%��� 'DQQ� VROO� JH]HLJW� ZHUGHQ�� GDVV� 'LODWLRQ� YRQ� X�� XQG� U�� PLQLPDO� XQWHU� DOOHQ� P|JOLFKHQ�
3XQNWHSDDUHQ�S��T�LVW��2KQH�%HVFKUlQNXQJ�GHU�$OOJHPHLQKHLW��I�KUW�GHU�N�U]HVWH�3IDG�YRQ�S�QDFK�T�
�EHU�K���$QVRQVWHQ�ZLUG�GLH�JDQ]H�.RQVWUXNWLRQ�XP�GHQ�8UVSUXQJ�JHGUHKW��VR�HUKlOW�PDQ�GHQ�KLHU�
EHVFKULHEHQHQ�)DOO���

(V�ZHUGHQ�]ZHL�)lOOH�XQWHUVFKLHGHQ��

)DOO�$��)DOOV�
||

||

||

||

||

||

21

11

1

1

11

21

rh

uh

ph

qh

uh

rh
≤≤ JLOW�� HUIROJW�GHU�%HZHLV� LQ�YLHU�6FKULWWHQ��VLHKH�$EELOGXQJ�����

(UVW�ZLUG�HLQH�NXU]H�hEHUVLFKW��EHU�GLH�6FKULWWH�JHJHEHQ��EHYRU�VLH�LP�'HWDLO�EHKDQGHOW�ZHUGHQ��

��� 6HL�.S�GHU�.UHLV�PLW�5DGLXV�_K�S_�XP�S��6HL�S��GHU�6FKQLWWSXQNW�YRQ�.S�PLW�GHP�6WUDKO�YRQ�K��
GXUFK�X���6HL�.T�GHU�.UHLV�PLW�5DGLXV�_K�T_�XP�T��XQG�VHL�T��GHU�6FKQLWWSXQNW�YRQ�.T�PLW�GHP�
6WUDKO�YRQ�K��GXUFK�U���(V�EOHLEW�]X�]HLJHQ��GDVV� ),(),( 11 qpqp GG δδ ≥ JLOW��

��� )DOOV�_K�T_�!�_K�S_�VHL�S��GHU�3XQNW�DXI�GHP�6WUDKO�YRQ�K��GXUFK�X��PLW�(QWIHUQXQJ�_K�T_�YRQ�
K�� XQG�T�� GHU�3XQNW� DXI�GHP�6WUDKO�YRQ�K�� QDFK� U��PLW�(QWIHUQXQJ�_K�S_�YRQ�K���(V�ZHUGHQ�
VR]XVDJHQ�GLH�(QWIHUQXQJHQ�YHUWDXVFKW��$QVRQVWHQ�JLOW�S�� � �S��XQG�T�� � �T���7ULYLDOHUZHLVH�LVW�

).,(),( 2211 qpqp GG δδ = �
�
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��� 6HL�S��GHU�3XQNW�DXI�GHP�6WUDKO�YRQ�K��GXUFK�X���VR�GDVV�S��GLH�(QWIHUQXQJ�
||

||||

21

2121

ph

rhph ⋅ �YRQ�K���

KDW��'DQQ�JLOW� ),(),( 2223 qprp GG δδ = XQG�_S�K1|�≤�_X�K�_��

��� =HLJH��GDVV� ),(),( 2123 rurp GG δδ ≥ �JLOW��
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q
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1
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1
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1
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1
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� $EELOGXQJ�����.RQVWUXNWLRQ�LP�)DOO�$�EHLP�%HZHLV�YRQ�/HPPD����

,P�)ROJHQGHQ�ZLUG�QXQ�QlKHU�DXI�GLH�HLQ]HOQHQ�6FKULWWH�HLQJHJDQJHQ��

=X� ���� 6HL� S�� GHU� 6FKQLWWSXQNW� GHV�.UHLVHV� .S� PLW� GHP� 6WUDKO� YRQ� K�� GXUFK� X�� XQG� VHL� T�� GHU�
6FKQLWWSXQNW�GHV�.UHLVHV�.T�PLW�GHP�6WUDKO�YRQ�K��GXUFK�U���6HL�β�GHU�:LQNHO�]ZLVFKHQ�K�S�XQG�ST�
LP�3XQNW�S�XQG�γ�GHU�:LQNHO�]ZLVFKHQ�K�T�XQG�TS�LP�3XQNW�T��VLHKH�$EELOGXQJ�����(QWVSUHFKHQG�
VHL�β·�GHU�:LQNHO�]ZLVFKHQ�K�S��XQG�GHU�S�T��LP�3XQNW�S��XQG�γ·�GHU�:LQNHO�]ZLVFKHQ�K�T��XQG�S�T��
LP�3XQNW�T���(V�JLOW�γ�≥�γ·�XQG�β�≥�β·��'HU�:HJ�_SK�_�_K�T_�LVW�JHQDXVR�ODQJ�ZLH�GHU�:HJ�_S�K�_���
_K�T�_��$EHU�I�U�GHQ�$EVWDQG�JLOW��_ST_�≤�_S�T�_�ZLH�PDQ�VLFK�OHLFKW��EHU]HXJHQ�NDQQ��

_ST_ 111111 'cos||'coscos||cos|| qpqhphqhph =⋅+⋅≤⋅+⋅ γβγβ �

'DUDXV�IROJW��GDVV� ),(),( 11 qpqp GG δδ ≥ �LVW��

=X�����=XP�]ZHLWHQ�6FKULWW�JLEW�HV�QLFKWV�PHKU�]X�]HLJHQ���



 28 

=X�����6HL�
21
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qh
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=φ ��1DFK�GHP�6WUDKOHQVDW]�JLOW��φ_S�T�_� �_S�U�_��'DV�KHL�W�GDV�'UHLHFN�S�U�K��LVW�

lKQOLFK� ]X� GHP� 'UHLHFN� S�T�K��� QXU� GDV� HV� XP� GHQ� )DNWRU� φ� YHUNOHLQHUW� LVW�� 'DPLW� LVW� GLH� HUVWH�
%HKDXSWXQJ�ZDKU��GDVV�� ),(),( 2223 qprp GG δδ = �JLOW���
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$EELOGXQJ�����.RQVWUXNWLRQ�]XP�)DOO�$�6FKULWW����

=X� ���� -HW]W� JLOW� HV� ]X� ]HLJHQ�� GDVV� ),(),( 2123 rurp GG δδ ≥ � JLOW��'DV�ZLUG� GXUFK� IROJHQGHV� /HPPD�
EHZLHVHQ��

/HPPD����6HL�$%&�HLQ�'UHLHFN�XQG� VHLHQ�α��β��χ� GLH�:LQNHO� LQ� GHQ�(FNHQ�GHV�'UHLHFNV�� VRZLH� D�� E��F�GLH�
6HLWHQ��GLH�GHQ�(FNHQ�$��%��&�JHJHQ�EHU�OLHJHQ��VLHKH�%LOG������6HLHQ�χ�XQG�F�IHVW��'DQQ�LVW�GLH�6XPPH�GHU�EHLGHQ�
�EULJHQ�6HLWHQ�D���E�PD[LPDO�ZHQQ�α� �β� ��π���χ�����)�U���≤�α�β�≤�π���ZLUG�D���E�XPVR�NOHLQHU��MH�JU|�HU�

|| ba − �LVW�

%HZHLV��1DFK�GHP�6LQXVVDW]�JLOW��
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χβα sin

sin

sinsinsin

⋅=⇒== c
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$EELOGXQJ�����.RQVWUXNWLRQ�]XP�%HZHLV�YRQ�/HPPD���XQG���

GDUDXV�IROJW� �
)sin(sin

sin
βα

χ
+=+ c

ba ������

GD� F� XQG� VLQ� χ� IHVW� VLQG�� ZLUG� D� �� E�PD[LPDO�� ZHQQ� VLQ� α� �� VLQ� β�PD[LPDO� ZLUG��:HJHQ� GHP�
,QQHQZLQNHOVDW]�YRQ�'UHLHFNHQ�JLOW�� �

χαπβ −−= �
HLQJHVHW]W�LQ����HUKlOW�PDQ�GLH�)XQNWLRQ� �

)sin(sin)( χαπαα −−+=f �

/HLWHW�PDQ�I�QDFK�α�DE��HUKlOW�PDQ� �

)cos(cos)(' χαπαα −−−=f �

)�U�����α���π�LVW� )(
2

1
0)(' χπβαα −==⇔=f ��'LH�]ZHLWH�$EOHLWXQJ�LVW� �

)sin(sin)('' χαπαα −−−−=f ��

6HW]W�PDQ� χαπβ −−= �XQG�α� �β�LQ�I··�HLQ��GDQQ�HUKlOW�PDQ� �

0sinsin)('' <−−= αααf �I�U�α�!����

'DV�EHGHXWHW��GDVV�LP�,QWHUYDOO��� ≤�α�β�≤�π���QXU�HLQ�0D[LPXP�EHL� α� �β�H[LVWLHUW��GDVV�I�YRU�GHP�
0D[LPXP�VWUHQJ�PRQRWRQ�VWHLJHQG�LVW�XQG�QDFK�GHP�0D[LPXP�VWUHQJ�PRQRWRQ�IDOOHQG�LVW��'DUDXV�
IROJW�GLH�%HKDXSWXQJ� � � � � � � � � � ��
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0LW�+LOIH�YRQ�/HPPD���NDQQ�/HPPD���EHZLHVHQ�ZHUGHQ��

/HPPD����6HLHQ�$�XQG�%�]ZHL�3XQNWH��GLH�GXUFK�HLQ�+LQGHUQLV� JHWUHQQW� VLQG��6HL�&�GHU�REHUH�(FNSXQNW�GHV�
+LQGHUQLVVHV��VR�GDVV�GHU�N�U]HVWH�:HJ�YRQ�$�QDFK�%�GXUFK�GHQ�3XQNW�&�I�KUW��'DQQ�JLOW�I�U�MHGHQ�3XQNW�S�DXI�
GHP�6WUDKO�YRQ�&�GXUFK�$��

�� )DOOV�_$&_�≥�_%&_��'LH�'LODWLRQ�δ�S��%��DOOHU�3XQNWH�S�DXI�GHP�6WUDKO�YRQ�&�GXUFK�$�PLW�_S&_!�
_$&_�LVW�NOHLQHU�DOV�GLH�'LODWLRQ�δ�$��%���

�� )DOOV�_$&_�≤�_%&_��'LH�'LODWLRQ�δ�S��%��DOOHU�3XQNWH�S�DXI�GHP�6WUDKO�YRQ�&�GXUFK�$�PLW�_S&_��
_$&_�LVW�JU|�HU�DOV�GLH�'LODWLRQ�δ�$�%���

%HZHLV��:HQQ�GDV�'UHLHFN�S%&�XP�GHQ�)DNWRU�_$%_�_S%_�VNDOLHUW�ZLUG��HUKlOW�PDQ�GDV�'UHLHFN�
S·%·&��PLW�_S·%·_� �_%&_��'LH�'LODWLRQ�lQGHUW�VLFK�GXUFK�GDV�6NDOLHUHQ�QLFKW��'DV�'UHLHFN�S·%·&�
XQG�GDV�'UHLHFN�$%&�EHVLW]HQ�GHQVHOEHQ�,QQHQZLQNHO�EHL�&�XQG�GLHVHOEH�/lQJH�GHU�6HLWH�F��$XV�
/HPPD���IROJW�GLH�%HKDXSWXQJ�� � � � � � � � ��

1DFK� .RQVWUXNWLRQ� GHU� ELVKHULJHQ� �� 6FKULWWH� LVW� _X�K�_≥_S�K�_≥_K�U�_�� 0LW� /HPPD� �� IROJW� QXQ�
GDUDXV� ),(),( 2123 rurp GG δδ ≥ ��6RPLW�LVW�GHU�)DOO�$�DEJHVFKORVVHQ��

)DOO�%��(V�JHOWH�
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> ��'LHVHU�)DOO�NDQQ�QLFKW�DXIWUHWHQ���

6HL�W��GHU�6FKQLWWSXQNW�GHU�;�$FKVH�PLW�GHP�UHFKWHQ�5DQG�YRQ�%���'DPLW�LVW�W��GHU�3XQNW�DXV�GHU�
XQWHUHQ�+lOIWH�YRQ�%��GHU�DP�QlFKVWHQ�]X�K��OLHJW��)�U�GHQ�DP�ZHLWHVWHQ�YRQ�K��HQWIHUQWHQ�3XQNW�DXV�
GHU� REHUHQ� +lOIWH� YRQ� %�� NRPPHQ� ]ZHL� 3XQNWH� LQ� )UDJH�� GLH� UHFKWH� REHUH� (FNH� V�� RGHU� GHU�
6FKQLWWSXQNW�X��GHU�;�$FKVH�PLW�GHP�UHFKWHQ�5DQG�YRQ�%���6HL�$�[�GLH�;�.RRUGLQDWH�HLQHV�3XQNWHV�
$��(V�JLOW���
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)ROJOLFK�LVW�X��GHU�DP�ZHLWHVWHQ�YRQ�K��HQWIHUQWH�3XQNW�DXV�GHU�REHUHQ�+lOIWH�YRQ�%���(V�JLOW��
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'DV�LVW�HLQ�:LGHUVSUXFK�]XU�%HGLQJXQJ�YRQ�)DOO�%��)DOO�%�NRPPW�DOVR�QLH�YRU��

�
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< ZLUG�JH]HLJW��GDVV�HLQ�3XQNWHSDDU�S·��T·�H[LVWLHUW��VR�GDVV��

- S·�XQWHUKDOE�GHU�*HUDGHQ�GXUFK�K��XQG�X��OLHJW��$X�HUGHP�OLHJW�S·�OLQNV�YRQ�; ��Y���
- T·�XQWHUKDOE�GHU�*HUDGHQ�GXUFK�K��XQG�U���OLHJW��$X�HUGHP�OLHJW�T·�UHFKWV�YRQ�;� �Y���
- 1
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21 ≤≤
ph

qh

hu

rh ��

:HQQ�GLHVH�%HGLQJXQJHQ�HUI�OOW�VLQG��WULWW�)DOO�$�LQ�.UDIW���

(V�ZLUG�ZLHGHU�LQ�PHKUHUHQ�6FKULWWHQ�YRUJHJDQJHQ��VLHKH�$EELOGXQJ�����

��� (V� JLEW� HLQHQ� 3XQNW� T��� GHU� DXI� GHP� REHUHQ� RGHU� UHFKWHQ� 5DQG� YRQ� %�� OLHJW�� VR� GDVV�
),(),( 1 qpqp δδ ≤ � JLOW��)DOOV�GLH�)RUGHUXQJ� 1
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||
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11

11

21 ≤≤
ph

qh

hu

rh � GDQDFK�VFKRQ�HUI�OOW� LVW��VHW]H�

PLW�)DOO�$�IRUW��6HL�S��GHU�3XQNW�DXI�GHP�UHFKWHQ�5DQG�YRQ�%���GHU�YRQ�K��GLHVHOEH�(QWIHUQXQJ�
ZLH�S�KDW��(V�JLOW�� ),(),( 11 qpqp δδ ≤ �

��� 'DV� 'UHLHFN� S�T�K�� ZLUG� XP� HLQHQ� :LQNHO� α� JHGUHKW�� VLHKH� $EELOGXQJ� ���� 'LH� (FNHQ� GHV�
JHGUHKWHQ�'UHLHFNV�ZHUGHQ�PLW�S��XQG�T��EH]HLFKQHW��'HU�:LQNHO�α�ZLUG�VR�JHZlKOW��GDVV�S��DXI�
GHP�6WUDKO�YRQ�K��QDFK�X��]X�OLHJHQ�NRPPW���

��� 6HL�T��GHU�6FKQLWWSXQNW�YRQ�GHU�*HUDGHQ�GXUFK�S��XQG�T��PLW�GHU�*HUDGHQ�GXUFK�K��XQG�U���VLHKH�
$EELOGXQJ�����)DOOV�_K�T�_!_K�S�_�VHL�T��GHU�6FKQLWWSXQNW�GHV�.UHLVHV�XP�K��PLW�5DGLXV�_K�S�_�
XQG�GHU�*HUDGHQ�GXUFK�S��XQG�T���1DFK�/HPPD���JLOW� ),(),( 3222 qpqp δδ ≤ ��

�
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��� 6FKUXPSIH�GDV�'UHLHFN�S�T�K��XP�GHQ�)DNWRU�φ� �
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'UHLHFN�KDW�HLQH�(FNH�DXI�GHP�3XQNW�X��HLQH�(FNH�DXI�GHP�3XQNW�K���'LH�GULWWH�(FNH�ZLUG�T·�
JHQDQQW��=HLJH��GDVV�T·�UHFKWV�GHU�*HUDGHQ�;� �Y�OLHJW��'DPLW�VLQG�GLH�)RUGHUXQJHQ�HUI�OOW��

=X�����'D�T�LQQHUKDOE�YRQ�%��OLHJW��JLEW�HV�HLQHQ�6FKQLWWSXQNW�GHU�*HUDGHQ�GXUFK�S�XQG�T�PLW�GHP�
UHFKWHQ� RGHU� REHUHQ� 5DQG� YRQ� %���'LHVHU� 6FKQLWWSXQNW�ZLUG�PLW� T�� EHQDQQW��1DFK�/HPPD� �� LVW�

),(),( 1 qpqp GG δδ ≤ ��'HU�3XQNW�S��PXVV�H[LVWLHUHQ��GHQQ�IDOOV�_SK�_�_X�K�_�JHOWHQ�Z�UGH��ZlUH�GLH�
%HGLQJXQJ� 1

||

||

||

||

1

11

11

21 ≤≤
ph

qh

hu
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YRQ�K��]XU�UHFKWHQ��XQWHUHQ�(FNH�YRQ�%���$QDORJ�]X�)DOO�$��6FKULWW���JLOW� ),(),( 111 qpqp δδ ≤ .�

=X�����'XUFK�GLH�5RWDWLRQ�lQGHUW�VLFK�GLH�'LODWLRQ�QLFKW��)ROJOLFK�JLOW�I�U�GLH�'LODWLRQ�YRQ�S��XQG�T����
),(),(),( 1122 qpqpqp GGG δδδ ≤= ��)DOOV�T��DXI�GHP�REHUHQ�5DQG�YRQ�%�� OLHJW�� LVW�_K�T�_�≥�_K�U�_��
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)DOOV� T�� DOVR� DXI�GHP�UHFKWHQ�5DQG� OLHJW��ZDUHQ�GLH�%HGLQJXQJHQ�I�U�)DOO�$�VFKRQ�QDFK�6FKULWW� ��
HUI�OOW��XQG�HV�PXVV�QLFKW�PHKU�URWLHUW�ZHUGHQ��

=X�����+LHU]X�JLEW�HV�QLFKWV�PHKU�]X�]HLJHQ��

=X�����'HU�3XQNW�T��OLHJW�QLFKW�REHUKDOE�YRQ�GHU�*HUDGHQ�GXUFK�K��XQG�U���6RPLW�OLHJW�DXFK�T·�QLFKW�
�EHU�GLHVHU�*HUDGHQ��$OOHUGLQJV�PXVV�QRFK�JH]HLJW�ZHUGHQ��GDVV�T·�UHFKWV�YRQ�;� �Y�OLHJW��

D�� =XHUVW�ZLUG�DQJHQRPPHQ��GDVV�T��DXI�GHU�*HUDGHQ�K�U��OLHJW��'D]X�ZLUG�ZLHGHU�XQWHUVXFKW��ZLH�
JUR�� GHU� )DNWRU� φ� K|FKVWHQV� ]X� VHLQ� EUDXFKW�� 'HP�ZLUG� GHU�)DNWRU�ϕ� JHJHQ�EHUJHVWHOOW�� GHU�
DQJLEW�ZLH�YLHO�GDV�'UHLHFN�PD[LPDO�JHVFKUXPSIW�ZHUGHQ�GDUI��VR�GDVV�T·�LPPHU�QRFK�UHFKWV�YRQ�
;� �Y�OLHJW��'LHVH�)DNWRUHQ�ZHUGHQ�ZLHGHU��EHU�:LQNHOEHWUDFKWXQJHQ�DEJHVFKlW]W���
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$EELOGXQJ�����.RQVWUXNWLRQ�]XP�%HZHLV� YRQ�)DOO� %� I�U�/HPPD� ���'DEHL�GDUI�T·�
QLFKW�UHFKWV�GHU�*HUDGHQ�;� �Y�OLHJHQ�

6HL�β�GHU�:LQNHO�]ZLVFKHQ�GHU�< �$FKVH�XQG�GHU�*HUDGHQ�K �S���XQG�VHL�χ�GHU�:LQNHO�]ZLVFKHQ�
GHU�<�$FKVH�XQG�GHU�*HUDGHQ�K �T���)HUQHU�VHL� γ� GHU�:LQNHO�]ZLVFKHQ�GHU�*HUDGHQ�GXUFK�GLH�
3XQNWH�K���U��XQG�T��XQG�GHU�*HUDGHQ�GXUFK�S ���T��XQG�T ���'D�GLH�*HUDGH�GXUFK�S ��XQG�T��PLW�GHU�
*HUDGH�GXUFK�S ��XQG�T��HLQHQ�:LQNHO�α�HLQVFKOLH�W�IROJW��GDVV�]ZLVFKHQ�K �T��XQG�S�T��GHU�:LQNHO�
γ�α� HLQJHVFKORVVHQ�ZLUG��$X�HUGHP�ZLUG�GHU�6FKQLWWSXQNW� YRQ�S �T��PLW�GHU�6HQNUHFKWHQ�DXI�
S�T���GLH�GXUFK�GHQ�3XQNW�K ��JHKW��PLW�Z�EHQDQQW��=XHUVW �ZLUG�φ�QDFK�REHQ�DEJHVFKlW]W� �

�
βα

βφ
+

≤
sin

sin ��ZREHL�π���<�β�≤�β�α�≤�π���JLOW��

-HW]W�VROO�GHU�)DNWRU� ϕ�QDFK�XQWHQ�DEJHVFKlW]W�ZHUGHQ��'LH�)UDJH�LVW��ZLH�ZHLW�GDV�'UHLHFN�S �T�K��
PD[LPDO�JHVFKUXPSIW�ZHUGHQ�GDUI��RKQH�GDV�T·�OLQNV�YRQ�GHU�*HUDGHQ�;� �Y �OLHJW���

'HU�3XQNW�T ��PXVV�DXI�GHP�REHUHQ�5DQG�YRQ�% �� OLHJHQ��'DUDXV� IROJW��GDVV� 2111 rhqh ≥ �XQG�
2/πχ > ��)DOOV�DOVR� 211' rhhq ≥ �LVW��PXVV�GLH�(QWIHUQXQJ�YRQ�T·�]XU�< �$FKVH�JU|�HU�DOV�Y�VHLQ��

GD�K���U��XQG�T·�NROLQHD U�VLQG��(V�JLOW� �
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6RPLW�VLQG�DOOH�=LHOEHGLQJXQJHQ�HUI�OOW��GLH�DP�$QIDQJ�YRQ�)DOO�&�DXIJHVWHOOW�ZXUGHQ��

E�� )DOOV�T��QLFKW�DXI�GHU�*HUDGHQ�GXUFK�K��XQG�T��OLHJW��JLOW�_K�S�_ _K�T�_��$X�HUGHP�PXVV�JHOWHQ��
2/πχβ −> ��VRQVW�ZlUHQ�U��XQG�X��JHJHQVHLWLJ�VLFKWEDU��'DUDXV�IROJW��GDVV�GHU�$EVWDQG�YRQ�S��

]X�<�$FKVH�JU|�HU�LVW�DOV�GHU�$EVWDQG�YRQ�T��]XU�<�$FKVH��:HLO�GHU�$EVWDQG�YRQ�X��]XU�<�$FKVH�
JU|�HU�DOV�Y�LVW��PXVV�DXFK�GHU�$EVWDQG�YRQ�T·�JU|�HU�DOV�Y�VHLQ��(V�VLQG�DOOH�=LHOEHGLQJXQJHQ�
HUI�OOW��GLH�DP�$QIDQJ�YRQ�)DOO�&�DXIJHVWHOOW�ZXUGHQ���

'DPLW�ZXUGH�IROJHQGHV�/HPPD�EHZLHVHQ��

/HPPD����6HL�X��∈�%��GHU�6FKQLWWSXQNW�GHU�;�$FKVH�PLW�GHP�UHFKWHQ�5DQG�YRQ�%��XQG�U��∈�%��GLH�OLQNH�REHUH�
(FNH��%���'DQQ��KDEHQ�X���U��HLQH�PLQLPDOH�'LODWLRQ�XQWHU�DOOHQ�3XQNWHSDDUHQ�S�T��PLW�S�∈�GHU�XQWHUHQ�+lOIWH�YRQ�
%���T�∈�GHU�REHUHQ�+lOIWH�YRQ�%��� � � � � � � � � � ��

�
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���',/$7,21�%(,�)$0,/,(1�921�*(5$'(1�81'�0,1'(67$%67$1'�

%LVKHU�ZXUGHQ�EHL�GHU�%HUHFKQXQJ�GHU�'LODWLRQ�DOOH�.QRWHQ�EHU�FNVLFKWLJW��$QJHQRPPHQ�HV�JHKW�
GDUXP� HLQ� )HUQYHUNHKUVQHW]� ]X� SODQHQ�� 'HU� )HUQYHUNHKU� LVW� QLFKW� GDI�U� JHGDFKW� QDKH� =LHOH� ]X�
YHUELQGHQ��VRQGHUQ�I�U�(QWIHUQXQJHQ�LQ�HLQHU�EHVWLPPWHQ�*U|�HQRUGQXQJ��=XP�%HLVSLHO�JHKW�HV�EHL�
HLQHP�,&(�²�1HW]�QLFKW�GDUXP�%DKQK|IH�]X�YHUELQGHQ��GLH�QXU���RGHU���NP�DXVHLQDQGHUOLHJHQ��)DOOV�
HLQH� JXWH�9HUELQGXQJ� I�U� HLQH�NOHLQH�6WUHFNHQ�GDEHL� LVW�� VFKDGHW�GDV�QLFKW��DEHU�HLJHQWOLFK�JHKW�HV�
GDUXP��*UR�VWlGWH�]X�YHUELQGHQ��.OHLQHUH�5RXWHQ�ZHUGHQ�GHP�5HJLRQDOYHUNHKU�RGHU�%XV�XQG�%DKQ�
�EHUODVVHQ��'LHVHV�9HUKDOWHQ�NDQQ�GDGXUFK�VLPXOLHUW�ZHUGHQ��GDVV�PDQ�QXU�GLH�.QRWHQ�GHV�*UDSKHQ�
*�EHU�FNVLFKWLJW��GLH�HLQHQ�0LQGHVWDEVWDQG��YRQHLQDQGHU�KDEHQ���

6HL�*� ��9��(��HLQ�*UDSK��GHU�DXV�Q�)DPLOLHQ�)���)�������)Q��`�YRQ�SDUDOOHOHQ�*HUDGHQ�EHVWHKW��ZREHL�
]ZHL�EHQDFKEDUWH�*HUDGHQ�HLQHU�)DPLOLH�LPPHU�JHQDX�GHQ�$EVWDQG�D�KDEHQ��'LH�*HUDGHQ�GHU�L�WHQ�
)DPLOLH�)L�KDEHQ�GLH�2ULHQWLHUXQJ� ni π⋅ I�U���≤�L�≤�Q����$X�HUGHP�ZLUG�YHUODQJW��GDVV�HLQH�*HUDGH�
MHGHU�)DPLOLH�GXUFK�GHQ�8UVSUXQJ�YHUOlXIW��:HQQ�YLHOH�5LFKWXQJHQ�]XU�9HUI�JXQJ�VWHKHQ��NDQQ�PDQ�
I�U� DOOH� .QRWHQ� S�� T�∈�9� LPPHU� HLQH� )DPLOLH� ILQGHQ�� GHUHQ�*HUDGHQ� IDVW� JHQDX� LQ�GLH�5LFKWXQJ�
YHUODXIHQ��ZLH�GLH�GLUHNWH�9HUELQGXQJ�YRQ�S�XQG�T��)�U�JUR�H�(QWIHUQXQJHQ�ZLUG�DOVR�GLH�'LODWLRQ�
NOHLQ��GD�GHU�OlQJVWH�7HLO�GHU�6WUHFNH�IDVW�SDUDOOHO�]XU�*HUDGHQ�ST�YHUOlXIW���

%HYRU�PDQ� DOOHUGLQJV� GHQ� ,&(� LQ� GLH�+DXSWULFKWXQJ� EHQXW]HQ� NDQQ�� KDW� PDQ� YRU� 2UW� =X�� XQG�
$EIDKUWVZHJH�]XP�QlFKVWHQ�.QRWHQSXQNW�GHV�,&(��'LHVH�=X��XQG�$EIDKUWHQ�KDEHQ�RIW�HLQH�JDQ]�
DQGHUH�5LFKWXQJ� DOV�GLH�+DXSWUHLVHULFKWXQJ��$OOHUGLQJV� VLQG�GLH�=X�� XQG�$EIDKUWHQ�� LP�9HUKlOWQLV�
]XU�+DXSWULFKWXQJ�� NXU]�� VR� GDVV� VLH�� LP�9HUKlOWQLV�]XU�*HVDPWVWUHFNH��QLFKW�]X� VHKU� LQV�*HZLFKW�
IDOOHQ��

,Q�GHP�*HUDGHQ���$UUDQJHPHQW�OLHJHQ�GLH�.QRWHQ�S��T�LP�$OOJHPHLQHQ�QLFKW�DXI�HLQHU�*HUDGHQ��GLH�
QDKH]X�GLH�5LFKWXQJ�ST�KDW��$OVR�JLEW�HV�DXFK�KLHU�:HJVWUHFNHQ�XP�DXI�HLQH�SDVVHQGH�*HUDGH�]X�
NRPPHQ��'DV�EHGHXWHW�DEHU�DXFK��GDVV�I�U�QDKH�.QRWHQSDDUH�S��T�GLH�'LODWLRQ�JUR��VHLQ�NDQQ��.OHLQ�
HW�DO��KDEHQ�JH]HLJW��GDVV�EHL�DOOJHPHLQHU�/DJH�GLH�'LODWLRQ�PLQGHVWHV� 32 EHWUlJW�>�@��

2IIHQVLFKWOLFK�ZLUG�GLH�'LODWLRQ�LPPHU�EHVVHU��MH�PHKU�)DPLOLHQ�HV�JLEW�XQG�MH�NOHLQHU�GHU�$EVWDQG�D�
LVW��,Q�GLHVHP�.DSLWHO�VROO�HLQ�=XVDPPHQKDQJ�]ZLVFKHQ�GHU�'LODWLRQ��GHU�$Q]DKO�GHU�)DPLOLHQ�XQG�
GHP�$EVWDQG� GHU�*HUDGHQ� HLQHU� )DPLOLH� JH]HLJW�ZHUGHQ�� 6HL�P�GLH�=DKO�GHU�6FKQLWWSXQNWH� HLQHV�
EHOLHELJ� SODW]LHUWHQ� (LQKHLWVNUHLVHV� PLW� *�� 'DQQ� NDQQ� PDQ� P��� DOV� GLH� *HUDGHQGLFKWH� YRQ� *�
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DXIIDVVHQ�� 'LH� *HUDGHQGLFKWH� NDQQ� DOV� 0D�� I�U� GLH� 0HQJH� DQ� %DXPDWHULDO� EHWUDFKWHW� ZHUGHQ��
ZHOFKHV�EHQ|WLJW�ZLUG��XP�HLQHQ�*UDSKHQ�*�DOV�*UDGHQ�$UUDQJHPHQW�]X�EDXHQ���

'HU�+DXSWWHLO�GHV�.DSLWHOV�LVW�GHP�%HZHLV�IROJHQGHV�7KHRUHPV�JHZLGPHW��

7KHRUHP����(V�H[LVWLHUW�HLQ�XQHQGOLFKHU�*UDSK�*�PLW�IROJHQGHQ�(LJHQVFKDIWHQ��

- *�EHVWHKW�DXV�Q�)DPLOLHQ�)���)����)Q���SDUDOOHOHU�*HUDGHQ��Q�≥����JDQ]]DKOLJ���

- 'HU�$EVWDQG�]ZLVFKHQ�]ZHL�*HUDGHQ�GHUVHOEHQ�)DPLOLH�LVW�JHQDX�D���

- 'LH�2ULHQWLHUXQJ�GHU�*HUDGHQ�GHU�)DPLOLH�)L�LVW�JHJHEHQ�GXUFK� nioi π⋅=: ���

- )�U�]ZHL�.QRWHQ�S��T�PLW�$EVWDQG� aad ⋅≤⋅+⋅≥ 62.2224 LVW�GLH�'LODWLRQ�δ�EHVFKUlQNW�GXUFK����
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����2%(5(�6&+5$1.(�%(,�9,(/(1�5,&+781*(1�81'�0,1'(67$%67$1'�

=XHUVW�ZHUGHQ�]ZHL�'HILQLWLRQHQ�HLQJHI�KUW��EHYRU�/HPPD����EHZLHVHQ�ZLUG��'LHVHV�/HPPD�ELOGHW�
GHQ�+DXSWWHLO�GHV�%HZHLVHV�YRQ�7KHRUHP����

'HILQLWLRQ� ����6HL�)� HLQH� )DPLOLH� YRQ�*HUDGHQ� DXV�*�� 6HLHQ� J��� J��∈�)�]ZHL� EHQDFKEDUWH�*HUDGHQ� GHUVHOEHQ�
)DPLOLH��'DQQ�LVW�GLH�)OlFKH�]ZLVFKHQ�J��XQG�J���YHUHLQLJW�PLW�J��XQG�J���HLQH�=HLOH�EH]�JOLFK�)��

6HLHQ�)���)��)DPLOLHQ�YRQ�*HUDGHQ�DXV�*�XQG�)��≠�)���)HUQHU� VHL�=�� HLQH�=HLOH�EH]�JOLFK�)��XQG�=��HLQH�=HLOH�
EH]�JOLFK�)���'DQQ�LVW�=��∩�=��HLQH�=HOOH�YRQ�*��

6HLHQ�)��XQG�)���)��≠�)��]ZHL�)DPLOLHQ�YRQ�*HUDGHQ�DXV�*�PLW�2ULHQWLHUXQJ�R��XQG�R���)��XQG�)��VLQG�)DPLOLHQ�
PLW�EHQDFKEDUWHQ�2ULHQWLHUXQJHQ��IDOOV�HV�NHLQH�)DPLOLH�+�∈�*�PLW�2ULHQWLHUXQJ�RK�JLEW��VR�GDVV�RK�∈�>R���R�@��

/HPPD�����6HL�*�HLQ�XQHQGOLFKHU�*UDSK�GHU�DXV�Q�)DPLOLHQ�)���)�����)Q���SDUDOOHOHU�*HUDGHQ�EHVWHKW��6HL�D�GHU�
PD[LPDOH�$EVWDQG�]ZLVFKHQ�]ZHL�*HUDGHQ�GHUVHOEHQ�)DPLOLH��8QG�VHL�RL�GLH�2ULHQWLHUXQJ�GHU�*HUDGHQ�GHU�)DPLOLH�
)L� I�U� ��≤� L�≤� Q����6HL�α�≤�π���GHU�PD[LPDOH�:LQNHO�]ZLVFKHQ�]ZHL�*HUDGHQ�DXV�)DPLOLHQ�PLW�EHQDFKEDUWHU�
2ULHQWLHUXQJ��'DQQ�JLOW�I�U�]ZHL�.QRWHQ�S��T��PLW�$EVWDQG�� aad ⋅≤⋅+⋅≥ 62.2224 ����
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6HL�J�GLH�*HUDGH��GLH�GXUFK�GLH�3XQNWH�S�XQG�T�JHKW��'D�S�XQG�T�.QRWHQ�VLQG��JLEW�HV�PLQGHVWHQV���
*HUDGHQ� M��� M��∈�*��GLH�VLFK�LQ�S�VFKQHLGHQ��(QWVSUHFKHQG�JLEW�HV�VROFKH�*HUDGHQ�N���N��∈�*�DXFK�
GXUFK�T��6HLHQ�-� �^M���M������`�GLH�*HUDGHQ�DXV�*�GXUFK�GHQ�3XQNW�S��XQG�VHLHQ�.� �^N���N������`�GLH�
*HUDGHQ�DXV�*�GXUFK�GHQ�3XQNW�T��
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$EELOGXQJ�����.RQVWUXNWLRQ�]X�/HPPD����)DOO�$��'LH�3XQNWH�S�XQG�T�OLHJHQ�LQ�
HLQHU�=HLOH��

(V�JLEW�]ZHL�)lOOH�� �

)DOO� $�� 'LH� 3XQNWH� S� XQG� T� OLHJHQ� LQ� HLQHU� =HLOH� EH]�JOLFK� HLQHU� )DPLOLH� )� ∈� *�� GLH� YRQ� GHQ�
*HUDGHQ� J��� J�� ∈� )� EHJUHQ]W� ZLUG�� 6HL� V S� GLH� 6HQNUHFKWH� DXI� J �� GXUFK� S� XQG� VHLHQ� 6 S��� 6S�� GLH�
6FKQLWWSXQNWH�GHU�6HQNUHFKWHQ�V S�PLW�GHQ�*HUDGHQ�J ��XQG�J���(QWVSUHFKHQG�VHL�V T�GLH�6HQNUHFKWH�DXI�
J�� GXUFK� T�� XQG� HV� VHLHQ� 6 T�� XQG� 6T�� GLH� 6FKQLWWSXQNWH� GHU� 6HQNUHFKWHQ� V T� PLW� J�� XQG� J��� VLHKH�
$EELOGXQJ�����)�U�GLH�6WUHFNH�YRQ�6 S��QDFK�6T��JLOW��_6S��6T�_�≤�G��

'LH�6HQNUHFKWHQ�V S��VT�WHLOHQ�GLH�(EHQH�LQ�]ZHL�+DOEHEHQHQ�DXI��YRQ�GHQHQ�HLQH�GHQ�3XQNW�T�E]Z��
GHQ�3XQNW�S�HQWKlOW��6HL� M�T��V S��I�U�M�∈�-�GHU�6FKQLWW�YRQ�M�PLW�GHU�+DOEHEHQH�GLH�T�HQWKlOW�XQG�GLH�
YRQ�VS�EHJUHQ]W�ZLUG��(QWVSUHFKHQG�VHL�N�S��V T��I�U�N�∈�.�GHU�6FKQLWW�YRQ�N�PLW�GHU�+DOEHEHQH�GLH�S�
HQWKlOW�XQG�GLH�YRQ�V T�EHJUHQ]W�ZLUG��-HW]W�JLEW�HV�PHKUHUH�0|JOLFKNHLWHQ� �

��� (V�H[LVWLHUW�HLQH�*HUDGH�M�∈�-�XQG�HLQH�*HUDGH�N�∈�.��VR�GDVV�M�T��VS��XQG�N�T��VT��VLFK�LQ�GHU�=HLOH�
]ZLVFKHQ� J�� XQG� J�� LP�3XQNW�6� VFKQHLGHQ��'HU�6FKQLWWSXQNW�6�YRQ� M� XQG�N� OLHJW� DOVR� LQ�GHP�
5HFKWHFN�J���J���VT��VS��6HL�:�GHU�3IDG�YRQ�S�QDFK�6�QDFK�T��'LHVHU�3IDG�LVW�VLFKHU�N�U]HU��DOV�ZHQQ�
PDQ�YRQ�S�QDFK�6 S��QDFK�6T��QDFK�T�JHKW��$OVR�JLOW�I�U�GLH�/lQJH�O�YRQ�:� �

O���_S�6S�_���_6S��6T�_���_6T��T_�����D���G�

GD�_S�6S�_�XQG�_6T��T_�PLW�D�DEJHVFKlW]W�ZHUGHQ�N|QQHQ��'DPLW�LVW�GLHVHU�)DOO�EHHQGHW��� �
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��� (V�H[LVWLHUW�HLQH�*HUDGH�M�∈�-�XQG�HLQH�*HUDGH�N�∈�.��VR�GDVV�GLH�+DOEJHUDGHQ�M�T��VS��XQG�N�S�VT��
EHLGH�GLHVHOEH�*HUDGH�J�� RGHU� J�� VFKQHLGHQ��2KQH�%HVFKUlQNXQJ�GHU�$OOJHPHLQKHLW�VFKQHLGHQ�
M�T�� VS��XQG�N�S��VT��GLH�*HUDGH�J�� LQ�GHQ�3XQNWHQ�6��XQG�6���VLHKH�$EELOGXQJ�����'DUDXV�IROJW��
GDVV�HLQ�3IDG�:�GHU�/lQJH�O�H[LVWLHUW��PLW�

O� �_S�6�_���_6��6�_���_6��T_�≤�_S�6S�_���_6S��6T�_���_6T��T_�����D���G��

,Q�GHQ�IROJHQGHQ�)lOOHQ�ZLUG�GDYRQ�DXVJHJDQJHQ��GDVV�NHLQH�*HUDGHQ�M�∈�-�XQG�N�∈�.�H[LVWLHUHQ��VR�
GDVV�M�T��VS��XQG�N�S��VT��EHLGH�GLHVHOEH�*HUDGH�J��RGHU�J��VFKQHLGHQ�RGHU�GDVV�VLFK�M�XQG�N�]ZLVFKHQ�VS�
XQG� VT� VFKQHLGHQ�� GD� GLHVH� )lOOH� VFKRQ� EHKDQGHOW� ZXUGHQ�� ,Q� GHQ� IROJHQGHQ� )lOOHQ� ZLUG�
DQJHQRPPHQ��GDVV�DOOH�+DOEJHUDGHQ�DXV�-�GLH�*HUDGH�J��VFKQHLGHQ�XQG�DOOH�+DOEJHUDGHQ�GXUFK�T�GLH�
*HUDGH�J��VFKQHLGHQ��'LHV�LVW�NHLQH�%HVFKUlQNXQJ�GHU�$OOJHPHLQKHLW��
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�
$EELOGXQJ�����.RQVWUXNWLRQ�]XP�%HZHLV�YRQ�/HPPD�����LP�)DOO�$����

��� (V� H[LVWLHUW� HLQH�*HUDGH� LQ� -∪.�GLH�PLW� VS�E]Z�� VT� HLQHQ�:LQNHO�µ�≤�π� ���� HLQVFKOLH�W� �VLHKH�
$EELOGXQJ������2KQH�%HVFKUlQNXQJ�GHU�$OOJHPHLQKHLW�NDQQ�DQJHQRPPHQ�ZHUGHQ��GDVV�HV�HLQH�
*HUDGH�M�∈�-�LVW��M�JHKW�DOVR�GXUFK�GHQ�3XQNW�S��)HUQHU�VROO�GHU�$EVWDQG�H� �_S�J�_�PD[LPDO�D���
EHWUDJHQ��6HL�Y��GLH�/lQJH�GHU�6WUHFNH�YRQ�S�]XP�6FKQLWWSXQNW�YRQ�J��XQG�M��6HL�Y��GLH�/lQJH�GHU�
6WUHFNH�YRQ�6S��]XP�6FKQLWWSXQNW�YRQ�J��XQG�M��'DQQ�EHWUlJW�GLH�/lQJH�Y�GHV�:HJHV�YRQ�S�]XP�
3XQNW�6S���
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'D�HV�HLQH�*HUDGH�N∈.�JLEW��VR�GDVV�DXFK�N�VT��S��GLH�*HUDGH�J��VFKQHLGHW��H[LVWLHUW�HLQ�3IDG�YRQ�
S�QDFK�T�GHVVHQ�/lQJH�NOHLQHU�DOV���D���G�LVW��
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$EELOGXQJ� ���� .RQVWUXNWLRQ� ]X� %HKDXSWXQJ� ���� GDVV� HLQH� *HUDGH� PLW�
JHZ�QVFKWHU�2ULHQWLHUXQJ�GLH�=HLOH� LQ�GHU�S�XQG�T�OLHJHQ��]ZLVFKHQ�VS�XQG�VT�VFKQHLGHW��

9RU����ZLUG�HLQH�%HKDXSWXQJ�EHZLHVHQ��GLH�LP�)ROJHQGHQ�JHEUDXFKW�ZLUG� �

%HKDXSWXQJ�����(V�H[LVWLHUW�HLQH�*HUDGH�K�∈�)��GLH�J��XQG�J��]ZLVFKHQ�VS�XQG�VT�VFKQHLGHW�XQG�PLW�
VS�HLQHQ�:LQNHO�ν∈>π����π����@�HLQVFKOLH�W��

%HZHLV��$XV�GHU�9RUUDXVVHW]XQJ��GDVV�α�≤�π���VHLQ�PXVV��IROJW��GDVV�HV�HLQH�)DPLOLH�)�YRQ�*HUDGHQ�
JLEW��GHUHQ�2ULHQWLHUXQJ�LQ�GHP�JHZ�QVFKWHQ�,QWHUYDOO�OLHJW��'D�GHU�$EVWDQG�EHQDFKEDUWHU�*HUDGHQ�
HLQHU�)DPLOLH�DXV�*�PD[LPDO�D�EHWUlJW�IROJW��GDVV�GLH�/lQJH�H�GHV�6FKQLWWHV�YRQ�J��PLW�HLQHU�=HLOH�DXV�
)�PD[LPDO��

aae ⋅≤≤ 2cos/ ν ��
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EHWUlJW��GD�ν�≤�π���LVW��VLHKH�$EELOGXQJ�����6HL�6K��GHU�6FKQLWWSXQNW�YRQ�K�PLW�J���)HUQHU�VHL�6/�GHU�
6FKQLWWSXQNW�GHV�/RWHV�DXI�J��GXUFK�6K��PLW�J���'DQQ�EHWUlJW�GHU�$EVWDQG�F� �_6/�6K�_�PD[LPDO�D��,Q�
HLQHP� 6WUHLIHQ� GHU� %UHLWH� D� PXVV� PLQGHVWHQV� HLQH� *HUDGH� OLHJHQ�� VRQVW� ZlUH� GHU� $EVWDQG� GHU�
*HUDGHQ�!�D��)ROJOLFK�GXUFKTXHUW�LQ�HLQHP�,QWHUYDOO�GHU�/lQJH�H�F�HLQH�*HUDGH�K�GLH�=HLOH��GLH�YRQ�
J��XQG�J��JHELOGHW�ZLUG��1DFK�3\WKDJRUDV�JLOW���

222222 )224()2221()( daaacea ≤⋅+⋅=+⋅+⋅+=++ �
DOVR�LVW�GHU�$EVWDQG�YRQ�S�]X�T�VR�JUR���GDVV�GLH�%HKDXSWXQJ�JLOW�� �

��� )�U�GLH�3XQNWH�S�XQG�T�JLOW��GDVV�HQWZHGHU��

D�� GXUFK�S��T�QXU�*HUDGHQ�JHKHQ��GLH�PLW�VS�HLQH�:LQNHO�µ�!�π���HLQVFKOLH�HQ��RGHU��

E�� HV�JLEW�HLQH�*HUDGH�M�∈�-�RGHU�N�∈�.�GLH�PLW�VS�HLQHQ�:LQNHO�µ�≤�π���HLQVFKOLH�W��DEHU�
GHU�$EVWDQG�H�YRQ�S�]X�J��LVW�JU|�HU�DOV�D����E]Z��GHU�$EVWDQG�YRQ�T�]X�J��LVW�JU|�HU�DOV�
D����

=XHUVW�ZLUG�JH]HLJW��GDVV�HV�HLQHQ�3IDG�:�∈�*�YRQ�6S��QDFK�6T��JLEW��GHU�N�U]HU�DOV������D���G�LVW��
'DQDFK�ZLUG�GLHVHU�3IDG�LQ�*�QDFK�S�YHUOlQJHUW�XQG�JH]HLJW��GDVV�GLH�*HVDPWOlQJH�GLHVHV�3IDGHV�
I�U�D��RGHU�E��NOHLQHU�DOV������D���G�LVW��'D�PDQ�GLHVHQ�3IDG�:�LQ�*�DXFK�QDFK�T�HQWVSUHFKHQG�
YHUOlQJHUQ�NDQQ��PXVV�HV�HLQHQ�3IDG�GHU�/lQJH���D���G�YRQ�S�QDFK�T�LQ�*�JHEHQ��

1DFK�%HKDXSWXQJ����JLEW�HV�HLQH�*HUDGH�K��GLH�J��XQG�J��]ZLVFKHQ�VS�XQG�VT�LQ�GHQ�3XQNWHQ�6K��
XQG�6K��VFKQHLGHW��VLHKH�$EELOGXQJ�����6HL�:�GHU�3IDG�YRQ��6S��QDFK�6K��QDFK�6K��QDFK�6T���6HL�H�
GLH�/lQJH�GHU�6WUHFNH�YRQ�6K��QDFK�6K���'DQQ�JLOW�I�U�GLH�/lQJH�O�YRQ�:��

νsin⋅−+= eedl ��PLW��
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'DUDXV�IROJW��GDVV�ν�LP�,QWHUYDOO�ν∈>π����π����@�PRQRWRQ�LVW��6HW]W�PDQ�EHLGH�,QWHUYDOOJUHQ]HQ�
LQ�O�HLQ�VLHKW�PDQ��GDVV�I�U�ν� �π�����GLH�/lQJH�O�PD[LPDO�ZLUG��)�U�GLH�/lQJH�O�GHV�3IDGHV�:�
JLOW��
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-HW]W� PXVV� QRFK� JH]HLJW� ZHUGHQ�� GDVV� GHU� YHUOlQJHUWH� 3IDG� YRQ� S� QDFK� 6T�� QLFKW� OlQJHU� DOV�
G�����D�LVW���
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$EELOGXQJ�����6NL]]H�]XU�:HJOlQJH�LP�)DOO��D��

D�� 6HL�I�U�DOOH�M�∈�-�GHU�:LQNHO�µ�JU|�HU�DOV�π����VLHKH�$EELOGXQJ������:lKOH�HLQ�EHOLHELJHV�M�∈�-��
(V�H[LVWLHUW�HLQ�6FKQLWWSXQNW�6�YRQ�M�PLW�:��6HL�H�GHU�$EVWDQG�]ZLVFKHQ�S�XQG�J���6HL�:D�GHU�
:HJ�YRQ�S�QDFK�6�XQG�GDQDFK�ZHLWHU�DXI�:�ELV�6T���6HL�OD�GLH�/lQJH�GHV�:HJHV�:D��)DOOV�6�DXI�
J��OLHJW��LVW��

|||| 1SSpSll pa −+< ���

-HW]W�ZLUG�
µcos

||
e

pS = XQG� µµ tansin|||| 1 ⋅== epSSS p �HLQJHVHW]W��



 43 

daada

ada

eda

e
edala

+⋅=⋅++⋅<

−⋅++⋅<

−⋅++⋅≤

+⋅−+⋅<

49.151.098.0

)
5

tan

5cos

1
(98.0

)
5

tan

5cos

1
(98.0

cos
tan98.0

π
π

π
π

µ
µ

��
)DOOV�6�QLFKW�DXI�J���VRQGHUQ�DXI�K�OLHJW��NDQQ�GHU�3IDG�:D�ZHJHQ�GHU�'UHLHFNVXQJOHLFKXQJ�
K|FKVWHQV�N�U]HU�VHLQ��

E�� 'HU�$EVWDQG�YRQ�S�QDFK�J�� LVW�NOHLQHU�DOV�D����XQG�HV�H[LVWLHUW�HLQH�*HUDGH�M�∈�-��GLH�PLW�VS�
HLQHQ�:LQNHO�µ���π���HLQVFKOLH�W�� 6HL� 6�GHU�6FKQLWWSXQNW�YRQ�M�PLW�:��'DPLW�H[LVWLHUW�HLQ�
3IDG�:E�YRQ�S�QDFK�6�ZHLWHU�HQWODQJ�:�QDFK�6T���VLHKH�$EELOGXQJ�����)�U�GLH�/lQJH�YRQ�:E�
JLOW�QDFK�GHU�'UHLHFNVXQJOHLFKXQJ��
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$EELOGXQJ�����6NL]]H�I�U�)DOO��E��

'DPLW�LVW�GHU�)DOO�$��EHL�GHP�S�XQG�T�LQ�HLQHU�=HLOH�OLHJHQ��EHZLHVHQ���

)DOO�%��(V�H[LVWLHUW�NHLQH�)DPLOLH�)�YRQ�*HUDGHQ��VR�GDVV�S�XQG�T�LQ�HLQHU�=HLOH�EH]�JOLFK�)�OLHJHQ��
6HL�J�GLH�*HUDGH�GXUFK�S�XQG�T��'D�*HUDGHQ�DXV�]ZHL�)DPLOLHQ�PLW�EHQDFKEDUWHU�2ULHQWLHUXQJ�HLQHQ�
:LQNHO�≤�α�HLQVFKOLH�HQ��JLEW�HV�]ZHL�)DPLOLHQ�)��+�∈�*��VR�GDVV�]ZLVFKHQ�J�XQG�HLQHU�*HUDGH�I�∈�)�
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XQG�K�∈�+�HLQ�'UHLHFN�HLQJHVFKORVVHQ�ZLUG��GDV�IROJHQGH�,QQHQZLQNHO�EHVLW]W��VLHKH�$EELOGXQJ�����

- =ZLVFKHQ�J�XQG�I�HLQHQ�:LQNHO�λ����PLW�λ����α��

- =ZLVFKHQ�J�XQG�K�HLQHQ�:LQNHO��λ���PLW�λ����α��LQVEHVRQGHUH�JLOW�λ��λ��≤�α��

- =ZLVFKHQ�I�XQG�K�HLQHQ�:LQNHO�χ�≥�π���α���

,QVEHVRQGHUH� LVW� J� QLFKW� SDUDOOHO� ]X� GHQ� *HUDGHQ� HLQHU� )DPLOLH� DXV� *�� XQG� S�� T� OLHJHQ� LQ�
XQWHUVFKLHGOLFKHQ�=HOOHQ�EH]�JOLFK�)�XQG�+��6RQVW�Z�UGHQ�S�XQG�T�LQ�HLQHU�=HLOH�EH]�JOLFK�)�RGHU�+�
OLHJHQ���

6HL�Z�GLH�:LQNHOKDOELHUHQGH�GHV�NOHLQHUHQ�:LQNHOV�YRQ�I�XQG�K��6HL�VS�GLH�6HQNUHFKWH�DXI�Z�GXUFK�S�
XQG�VHL�VT�GLH�6HQNUHFKWH�DXI�Z�GXUFK�T��6HL�=S�GLH�=HOOH�LQ�GHU�S�OLHJW�XQG�=T�GLH�=HOOH�LQ�GHU�T�OLHJW��
6HLHQ�*S� �^IS���IS���KS���KS�`�PLW�IS���IS��∈�)�XQG�KS���KS��∈�+��GLH�*HUDGHQ�GLH�=S�EHJUHQ]HQ��6HLHQ�
6S �^6IS���6IS���6KS���6KS�`�GLH�0HQJH�GHU�6FKQLWWSXQNWH�YRQ�VS�PLW�GHQ�*HUDGHQ�DXV�*S��(QWVSUHFKHQG�
VHLHQ�*T� �^IT���IT���KT���KT�`�PLW�IT���IT��∈�)�XQG�KT���KT��∈�+��GLH�*HUDGHQ�GLH�=T�EHJUHQ]HQ��6HLHQ�
6T �^6IT���6IT���6KT���6KT�`�GLH�6FKQLWWSXQNWH�YRQ�VT�PLW�GHQ�*HUDGHQ�DXV�*T��VLHKH�$EELOGXQJ������
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q
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$EELOGXQJ�����.RQVWUXNWLRQ�]X�/HPPD� ���� IDOOV�S�XQG�T�QLFKW�LQ�HLQHU�=HLOH�
OLHJHQ�

'HU�3IDG�YRQ�S�QDFK�T�ZLUG�LQ�GUHL�7HLOH�DXIJHWHLOW��GLH�=XIDKUW��GLH�$EIDKUW�XQG�GHQ�HLJHQWOLFKHQ�
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5HLVHZHJ��'DEHL�ZHUGHQ�=X��XQG�$EIDKUW�GXUFK�GLHVHOEH�.RQVWUXNWLRQ�DEJHVFKlW]W��=XHUVW�ZLUG�QXQ�
GLH�/lQJH�GHV�5HLVHZHJHV�EHKDQGHOW��'D]X�ZLUG�HLQ�3XQNWHSDDU��5S��5T��PLW�5S�∈�=S�XQG�5T�∈�=T�
EHWUDFKWHW���

%HKDXSWXQJ�����)�U�GLH�/lQJH�O5�HLQHV�N�U]HVWHQ�3IDGHV�LQ�*�]ZLVFKHQ�GHQ�3XQNWHQ�5S��5T�JLOW��

2cosα
d

lR ≤
�

%HZHLV��6HLHQ�KS��XQG�IS��GLH�]ZHL�*HUDGHQ�DXI�GHP�5DQG�YRQ�=HOOH�*S��GLH�]ZLVFKHQ�S�XQG�T�OLHJHQ��
VLHKH�$EELOGXQJ�����'DQQ�OLHJW�T�LQ�(�IS���T��∩�(�KS���T���6HL�7S�GHU�6FKQLWW�YRQ�IS��XQG�KS���$QDORJ�
VHLHQ�KT��XQG�IT��GLH�*HUDGHQ�DXI�GHP�5DQG�YRQ�*T��GLH�]ZLVFKHQ�S�XQG�T�OLHJHQ��'DQQ�OLHJW�S�LQ�
(�IS���S��∩�(�KS���S���6HL�7T�GHU�6FKQLWW�YRQ�IT��XQG�KT���6HL�7��GHU�6FKQLWWSXQNW�YRQ�KS��XQG�IT���'HU�
3IDG�:5�VWDUWH�LQ�5S��JHKH�QDFK�7S�XQG�GDQQ�ZHLWHU�QDFK�7���YRQ�GD�QDFK�7T�XQG�YRQ�GRUW�QDFK�5T��
$OOH�EHQXW]WHQ�*HUDGHQ�YRQ�:5� VFKOLH�HQ�PLW�Z�HLQHQ�:LQNHO�≤�α���HLQ��'HU�3IDG�VHOEVW�HQWKlOW�
NHLQH�:LQNHO�GLH�NOHLQHU�DOV�π�α�VLQG��6HL�β�GHU�:LQNHO�]ZLVFKHQ�J�XQG�Z��'HU�$EVWDQG�H�YRQ�VS�XQG�
VT�EHWUlJW�GDQQ� dde ≤⋅= βcos ��'DPLW�NDQQ�O5�DEJHVFKlW]W�ZHUGHQ��

αα coscos

de
lR ≤≤ �
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  q1     q1 
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�
$EELOGXQJ�����/lQJH�HLQHV�3IDGHV�XP�MHZHLOV�HLQHQ�3XQNW�DXV�6S�XQG�HLQHQ�DXV�6T�PLWHLQDQGHU�]X�YHUELQGHQ��

$OV� QlFKVWHV� ZLUG� JH]HLJW�� GDVV� VLFK� GLH� /lQJH� GHU� =X�� XQG� $EIDKUW� MHZHLOV� PLW� D� QDFK� REHQ�
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DEVFKlW]HQ�OlVVW��%HWUDFKWH�KLHU]X�GLH�=HOOH�=S��LQ�GHU�S�OLHJW��6HL�VSI�GLH�6HQNUHFKWH�GXUFK�S�DXI�GHU�
*HUDGHQ�IS���XQG�VHL� VSK�GLH�6HQNUHFKWH�GXUFK�S�DXI�GHU�*HUDGHQ�KS���-HGH�*HUDGH�GXUFK�S�WHLOW�GLH�
(EHQH�LQ�]ZHL�+DOEHEHQHQ�DXI��YRQ�GHQHQ�HLQH�+DOEHEHQH�GHQ�3XQNW�T�HQWKlOW��6HL�I�U�HLQH�EHOLHELJH�
*HUDGH� I�XQG�HLQ� M�∈� -��GHU�6FKQLWW�YRQ� M�PLW�GHU�+DOEHEHQH�(�I�� T��DOV� M�I�� T��GHILQLHUW��'DEHL� LVW�
(�I�T��GLH�+DOEHEHQH��GLH�GHQ�3XQNW�T�HQWKlOW�XQG�GLH�YRQ�I�EHJUHQ]W�ZLUG���

��� )DOOV�HLQH�*HUDGH�M�∈�-�H[LVWLHUW��VR�GDVV�M�⊂�(�T��VSI��∩�(�T��VSK���GDQQ�VFKQHLGHW�M�VSI��T��GHQ�5DQG�
YRQ�=S�LP�3XQNW�6��VLHKH�$EELOGXQJ������'HU�:HJ�YRQ�HLQHP�3XQNW�5T�∈�6T�DXI�GHP�5DQG�YRQ�
=T�QDFK�6�QDFK�S�LVW�GDQQ�N�U]HU�DOV�

2cosα
d

a + ���

�

p

j

s

s

pf

ph

pZ

 

$EELOGXQJ�����6NL]]H�]X�)DOO�%����YRP�%HZHLV�]X�/HPPD����

��� $OOH� *HUDGHQ� DXV� -� OLHJHQ� LQ� HLQHP� 'RSSHOWULFKWHU� '�� VLHKH� $EELOGXQJ� ���� 'DEHL� VHL� GHU�
'RSSHOWULFKWHU�'�JHJHEHQ�GXUFK�'� ��(�T��VSI��?(�T��VSK���∪��(�T��VSK��?�(�T��VSI����(U�ZLUG�DOVR�
]ZLVFKHQ�VSI�XQG�VSK�JHELOGHW��'HU�gIIQXQJVZLQNHO�µ�GHV�'RSSHOWULFKWHUV�LVW�PD[LPDO�α�XQG�VS�LVW�
GLH� 6\PPHWULHDFKVH� YRQ� '�� (QWZHGHU� LVW� GHU� $EVWDQG� YRQ� S� ]X� IS�� PD[LPDO� D��� RGHU� GHU�
$EVWDQG�YRQ�S�]X�IS��LVW�PD[LPDO�D����2KQH�%HVFKUlQNXQJ�GHU�$OOJHPHLQKHLW�ZLUG�DQJHQRPPHQ��
GDVV�GHU�$EVWDQG�H�YRQ�S�]X�IS��PD[LPDO�D���LVW��6HL�5K�GHU�6FKQLWWSXQNW�]ZLVFKHQ�VSK�XQG�KS���
XQG�VHL�5I�GHU�6FKQLWWSXQNW�YRQ�VSI�XQG�IS���



 47 

 µ

p

j

s

s

s

SR S

f
h

Zp

p1
  p1

pf
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$EELOGXQJ�����6NL]]H�]XP�)DOO�%����GHV�%HZHLVHV�YRQ�/HPPD����

6HL�6�GHU�6FKQLWWSXQNW�YRQ�M�PLW�GHP�5DQG�YRQ�= S��'HU�3XQNW�6�PXVV�]ZLVFKHQ�5 I�XQG�5K�OLHJHQ��
VRQVW�Z�UGH����]XJHWURIIHQ�KDEHQ��(V�JLOW� �

_S6_�≤�
µcos

e XQG�_5I5K_≤�_5KS_�VLQ�µ� µµ
µ

tansin
cos

⋅=⋅= e
e ���

'HU�3IDG�YRQ�S�QDFK�6�QDFK�6 SI��LVW�VLFKHU�N�U]HU�DOV�GHU�3IDG�YRQ�S�QDFK�6�QDFK�5 K��6R�NDQQ�GLH�
/lQJH�Y�GHV�=XZHJHV�IROJHQGHUPD�HQ�DEJHVFKlW]W�ZHUGHQ� �

� Y� �_S6_�_6SI�6_���_S6_���_5I5K_��� 





+⋅≤⋅+ µ

µ
µ

µ
tan

cos

1

2
tan

cos

a
e

e �

� a
a <





 +⋅≤ α

α
tan

cos

1

2
� GD�µ�≤�α�≤�π����

'D�DXFK�GHU�=XZHJ�]X�T�DQDORJ�GXUFK�D�EHVFKUlQNW�LVW��H[LVWLHUW�HLQ�3IDG�YRQ�S�QDFK�T�GHU�/lQJH� �

2cos
2

α
d

al +⋅< ���

'DPLW�LVW�/HPPD����EHZLHVHQ� � � � � � � ��

�
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0LWKLOIH�YRQ�/HPPD����NDQQ�MHW]W�7KHRUHP���EHZLHVHQ�ZHUGHQ��

7KHRUHP����(V�H[LVWLHUW�HLQ�XQHQGOLFKHU�*UDSK�*�PLW�IROJHQGHQ�(LJHQVFKDIWHQ��

- *�EHVWHKW�DXV�Q�)DPLOLHQ�)���)����)Q���SDUDOOHOHU�*HUDGHQ��Q�≥����JDQ]]DKOLJ���

- 'HU�$EVWDQG�]ZLVFKHQ�]ZHL�*HUDGHQ�GHUVHOEHQ�)DPLOLH�LVW�JHQDX�D���

- 'LH�2ULHQWLHUXQJ�GHU�*HUDGHQ�GHU�)DPLOLH�)L�LVW�JHJHEHQ�GXUFK� nioi π⋅=: ���

- )�U�]ZHL�.QRWHQ�S��T�PLW�$EVWDQG� aad ⋅≤⋅+⋅≥ 62.2224 LVW�GLH�'LODWLRQ�δ�EHVFKUlQNW�GXUFK����

n
d

a
nda

2cos

12
),,(

π
δ +⋅<

 

%HZHLV�� )DOOV� DXV� MHGHU� )DPLOLH� HLQH� *HUDGH� GXUFK� GHQ� 8UVSUXQJ� JHKW�� HUI�OOW� GHU� *UDSK� GLH�
%HKDXSWXQJ��8P�GLHVHV�7KHRUHP�]X�EHZHLVHQ��ZHUGHQ�YHUVFKLHGHQH�0|JOLFKNHLWHQ�I�U�GLH�:DKO�YRQ�
Q�XQWHUVXFKW��

p

 q
 S

g

g

1

0

�

$EELOGXQJ� ���� 6NL]]H� ]XP� %HZHLV� YRQ�
7KHRUHP���I�U�Q� ���

�
p

q

S

g

g

0

1

�
$EELOGXQJ�����6L]]H�]XP�%HZHLV�YRQ�7KHRUHP�
��I�U�Q� ���

�
D�� Q� ����'HU�HQWVWHKHQGH�*UDSK�LVW�HLQ�UHFKWZLQNOLJHV�*LWWHU��VLHKH�$EELOGXQJ�����6HLHQ�S�XQG�T�

]ZHL� EHOLHELJH� .QRWHQ� GHV� *LWWHUV�� %HLGH� 3XQNWH� S�� T� VLQG� 6FKQLWWSXQNWH� YRQ� MHZHLOV� HLQHU�
*HUDGHQ�DXV�)��XQG�)���6HL�J��∈�)��HLQH�*HUDGH�GXUFK�S�XQG�J��∈�)��HLQH�*HUDGH�GXUFK�T��6HL�6�
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GHU�6FKQLWWSXQNW�YRQ�J��XQG�J���'DQQ�LVW�GHU�3IDG�YRQ�S�QDFK�6�QDFK�T�HLQ�N�U]HVWHU�3IDG�YRQ�S�
QDFK�T��1DFK�/HPPD���ZLUG�GLH�'LODWLRQ�PD[LPDO��IDOOV�_S6_� �_T6_��,Q�GLHVHP�)DOO�EHWUlJW�GLH�
'LODWLRQ��

nd

a
nda

2cos

12

4cos

1
2),,(

ππ
δ +⋅<==

�
E�� Q� ����'HU�HQWVWHKHQGH�*UDSK�LVW�HLQ�*LWWHU�DXV�JOHLFKVHLWLJHQ�'UHLHFNHQ��VLHKH�$EELOGXQJ�����,Q�

MHGHP�.QRWHQ� VFKQHLGHQ� VLFK� MHZHLOV� HLQH�*HUDGH� DXV� DOOHQ�GUHL� )DPLOLHQ�� 6HL� J�� HLQH�*HUDGH�
GXUFK�GHQ�3XQNW�S�XQG�VHL�J��HLQH�*HUDGH�GXUFK�GHQ�3XQNW�T��GLH�J��LP�3XQNW�6�VFKQHLGHW��+DEH�
S6T�GHQ�:LQNHO� 3

2 π���'HU�3IDG�YRQ�S�QDFK�6�QDFK�T�LVW�HLQ�N�U]HVWHU�3IDG�YRQ�S�QDFK�T��1DFK�
/HPPD���ZLUG�GLH�'LODWLRQ�PD[LPDO��IDOOV�_S6_� �_T6_��,Q�GLHVHP�)DOO�EHWUlJW�GLH�'LODWLRQ��

nd

a
nda

2cos

12

6cos

1
),,(

ππ
δ +⋅<=

�
F�� Q� ����(V�HQWVWHKW�HLQ�*UDSK�DXV�]ZHL�UHFKWZLQNOLJHQ�*LWWHUQ��GLH�XP�π���]XHLQDQGHU�YHUGUHKW�

VLQG��VLHKH�$EELOGXQJ�����6HLHQ�M��XQG�M��]ZHL�GHU�*HUDGHQ�GLH�VLFK�LQ�S�VFKQHLGHQ��

p

q

 

$EELOGXQJ�����6NL]]H�]XP�%HZHLV�YRQ�7KHRUHP���]X�)DOO�Q� ����

�L�� )DOOV�S�XQG�T�LQ�HLQHU�=HLOH�EH]�JOLFK�)DPLOLH�)�OLHJHQ��GDQQ�LVW�HQWZHGHU��

- M��RGHU�M��VHQNUHFKW�]X�*HUDGHQ�DXV�)��RGHU��

- M��XQG�M��VFKQHLGHQ�EHLGH�6HLWHQ�GHU�=HLOH�]ZLVFKHQ�S�XQG�T���
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'DVVHOEH� JLOW� DQDORJ� I�U� T��'DV� EHGHXWHW�� HV� H[LVWLHUHQ�*HUDGHQ� GXUFK� S� XQG� T�� GLH� GLHVHOEH�
*HUDGH�DXV�)�]ZLVFKHQ�S�XQG�T�VFKQHLGHQ��'DPLW�JLEW�HV�HLQHQ�3IDG�YRQ�S�QDFK�T�GHVVHQ�/lQJH�
GXUFK��D�G�EHVFKUlQNW�LVW��

�LL�� )DOOV�S� XQG�T�QLFKW� LQ� HLQHU�=HLOH� OLHJHQ�� 6HL� J�GLH�*HUDGH�GXUFK� S�XQG� T��(V� H[LVWLHUHQ� ]ZHL�
)DPLOLHQ� )�� +� VR� GDV� GLH� *HUDGH� J� PLW� I�∈� )� XQG� K�∈� +� HLQ� 'UHLHFN� ELOGHW�� VR� GDVV� HU�
,QQHQZLQNHO�]ZLVFKHQ�I�XQG�K�GHQ�:HUW��π���KDW��)DOOV�S�HLQ�6FKQLWWSXQNW�HLQHU�*HUDGHQ�DXV�)�
RGHU�+� LVW�� HQWIlOOW� GHU� =XZHJ�� )DOOV� S� HLQ� 6FKQLWWSXQNW� ]ZHLHU�*HUDGHQ� GHU� EHLGHQ� DQGHUHQ�
)DPLOLHQ�LVW��

6HLHQ�MI�XQG�MK�GLH�EHLGHQ�*HUDGHQ�GLH�VLFK�LQ�S�VFKQHLGHQ��'LH�*HUDGH�MI�VWHKW�VHQNUHFKW�DXI�I�XQG�
MK� VHQNUHFKW� DXI� K�� 6HL�Z� GLH�:LQNHOKDOELHUHQGH� GHV�NOHLQHUHQ�:LQNHOV� YRQ�I�XQG�K��6HL�VS� GLH�
6HQNUHFKWH�DXI�Z�GXUFK�S��'DPLW�JLEW�HV�HLQHQ�6FKQLWWSXQNW�6S�YRQ�MI�VS��T��PLW�GHP�5DQG�GHU�
=HOOH� YRQ�S� �9HUJOHLFKH� )DOO�%��� DXV� GHP�%HZHLV� ]X� /HPPD� �����$QDORJ� JLEW� HV� VROFK� HLQHQ�
6FKQLWWSXQNW�6T�I�U�T��'HU�3IDG�YRQ�S�QDFK�6S�QDFK�6T�QDFK�T�KDW�GDPLW�GLH�/lQJH�O��

a
d

aqSSSpSl qqpp ++<++=
8cosπ �

G�� Q�!����1DFK�/HPPD����JLOW�GLH�%HKDXSWXQJ��

'DPLW�LVW�7KHRUHP���EHZLHVHQ�� � � � � � � � ��

)�U�GLH�LQ�7KHRUHP���NRQVWUXLHUWHQ�*UDSKHQ�JLEW�HV�HLQH�HLQIDFKH�XQWHUH�6FKUDQNH�I�U�GHQ�:HUW�GHU�
'LODWLRQ�� :lKOH� S� XQG� T� VR�� GDVV� GLH�*HUDGH� J� GXUFK� S� XQG� T� GLH�:LQNHOKDOELHUHQGH� YRQ� ]ZHL�
)DPLOLHQ�)��+�PLW�EHQDFKEDUWHU�2ULHQWLHUXQJ� LVW��)HUQHU� VROOHQ�S�XQG�T�MHZHLOV�6FKQLWWSXQNWH�YRQ�
]ZHL�*HUDGHQ�IS��IT�∈�)�XQG�KS��KT�∈�+�VHLQ��XQG�VHL�6�GHU�6FKQLWWSXQNW�YRQ�IS�PLW�KT��$X�HUGHP�VHL�
_S6_� �_T6_� ��D��'DQQ�LVW�GLH�'LODWLRQ�

n2cos

1

π
δ = ��

'DV�KHL�W��YHUEHVVHUEDU� LVW�QXU�GHU�7HUP��D�G��ZHOFKHU�GHU�/lQJH�GHU�=XIDKUW�HQWVSULFKW��)�U�GLH�
/lQJH�GHU�=XIDKUW�JLEW�HV�QRFK�NHLQH�XQWHUH�6FKUDQNH��XQG�GLH�'LODWLRQ�LVW�DXFK�HFKW�NOHLQHU�DOV�GLH�
KLHU� JH]HLJWH� REHUH� 6FKUDQNH�� 'HU� 7HUP� ( )n2/cos 1 π− � HQWVSULFKW� GHP� 8PZHJ� GHV� HLJHQWOLFKHQ�
5HLVHZHJHV� XQG� LVW� VFKDUI�� 'LH� XQWHUH� 6FKUDQNH� JLOW� DXFK�� ZHQQ� PDQ� JU|�HUH� 0LQGHVWGLVWDQ]HQ�
EHWUDFKWHW��GD�DXFK�GDQQ��I�U�_S6_� �_T6_� �ND�I�U�HLQH�QDW�UOLFKH�=DKO�N��JLOW���
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n2cos

1

π
δ = ��

$XFK�HLQH�9HUJU|�HUXQJ�GHV�0LQGHVWDEVWDQGHV�NDQQ�NHLQH�QLHGULJHUH�REHUH�6FKUDQNH�GHV�5HLVHZHJHV�
PHKU�EULQJHQ���

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�
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����)2/*(581*(1�

%LVKHU� ZXUGH� HLQ�*UDSK� EHWUDFKWHW�� EHL� GHP� GLH�*HUDGHQ� HLQHU� )DPLOLH� DOOH� GHQ� VHOEHQ�$EVWDQG�
KDEHQ�� -HW]W� ZHUGHQ� *UDSKHQ� EHKDQGHOW�� GLH� DXFK� DXV� )DPLOLHQ� YRQ� *HUDGHQ� PLW� SDDUZHLVH�
XQWHUVFKLHGOLFKHQ� 2ULHQWLHUXQJHQ� EHVWHKHQ�� $EHU� DQVWDWW� ]X� IRUGHUQ�� GDVV� EHQDFKEDUWH� *HUDGHQ�
HLQHQ�EHVWLPPWHQ�$EVWDQG�KDEHQ��VHL�HLQH�3XQNWPHQJH�6�YRUJHJHEHQ�XQG�HV�VROO�GXUFK�MHGHQ�3XQNW�
DXV�6��HLQH�*HUDGH�DXV�MHGHU�)DPLOLH�JHKHQ��)�U�EHVWLPPWH�3XQNWPHQJHQ��NDQQ�PDQ�DOV�)ROJHUXQJ�
DXV� /HPPD� ���� $XVVDJHQ� �EHU� GLH� REHUH� 6FKUDQNH� GHU� 'LODWLRQ� YRQ� 3XQNWHSDDUHQ� PLW� HLQHP�
0LQGHVWDEVWDQG�WUHIIHQ��

.RUROODU�����6HL�6�HLQH�XQHQGOLFKH�0HQJH�DQ�3XQNWHQ��XQG�VHL�2� �^R��R�����RQ��`PLW���≤�RL�≤�π�XQG�Q�≥����GLH�
0HQJH�DQ�2ULHQWLHUXQJHQ��VRUWLHUW��*HOWH�I�U�HLQ�α������α�≤�π����GDVV� α≤− +

−≤≤
nii

ni
oo mod1

10
max ��)HUQHU�VHL�3L�6��

GLH�2UWKRJRQDOSURMHNWLRQ�GHU�3XQNWH�DXV�6�DXI�GLH�6HQNUHFKWH�]X�HLQHU�*HUDGHQ�PLW�2ULHQWLHUXQJ�RL��VLHKH�$EELOGXQJ�
����:HQQ�HV�GXUFK�MHGHQ�3XQNW�DXV�6�HLQH�*HUDGH�PLW�MHGHU�2ULHQWLHUXQJ�DXV�2�JLEW�XQG�I�U�GLH�3URMHNWLRQHQ�3L�6��
GHU�$EVWDQG� HLQHV�3XQNWHV� V�∈�3L�6�� ]X� VHLQHQ� EHLGHQ�1DFKEDUQ� LQ� GHU�3URMHNWLRQ�PD[LPDO�D�EHWUlJW�� I�U� HLQH�
.RQVWDQWH�D�I�U���≤�L�≤�Q����GDQQ�JLOW�I�U�]ZHL�.QRWHQ�S��T��PLW�$EVWDQG�G�� aad ⋅≤⋅+⋅≥ 62.2224 ����

2cos

12
),,( ααδ +⋅≤

d

a
da

�
,QVEHVRQGHUH�PXVV�MHGHU�3XQNW�LQ�GHQ�3URMHNWLRQHQ�]ZHL�GLUHNWH�1DFKEDUQ�EHVLW]HQ��

,QVEHVRQGHUH�JLOW�GLHV�IDOOV��

�L�� HV�HLQH�*HUDGH�J�JLEW��VR�GDVV�LQ�MHGHP�DEJHVFKORVVHQHP�,QWHUYDOO�GHU�/lQJH�D�DXI�J�PLQGHVWHQV�HLQ�3XQNW�DXV�
6�OLHJW�XQG�GLH�2ULHQWLHUXQJ�R�YRQ�J�QLFKW�LQ�2�HQWKDOWHQ�LVW��

�LL�� HV�]ZHL��QLFKWSDUDOOHOH�*HUDGHQ�J��K�JLEW��VR�GDVV�LQ�MHGHP�DEJHVFKORVVHQHP�,QWHUYDOO�YRQ�J�XQG�K�GHU�/lQJH�D�
PLQGHVWHQV�HLQHQ�3XQNW�DXV�6�HQWKDOWHQ�LVW��

%HZHLV��'LH�*HUDGHQ�HLQHU�)DPLOLH�KDEHQ�PD[LPDO�GHQ�$EVWDQG�D��'D�MHGHU�3XQNW�]ZHL�1DFKEDUQ�
KDEHQ�PXVV��KDQGHOW�HV�VLFK�XP�Q�)DPLOLHQ�YRQ�*HUDGHQ��'LH�%HKDXSWXQJ�IROJW�GDQQ�DXV�/HPPD�����

�
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�L�� 6HL�H�GHU�$EVWDQG�]ZHLHU�3XQNWH�S��T�DXI�J��6HL�I�HLQH�*HUDGH�GLH�QLFKW�]X�J�SDUDOOHO�LVW��6HL�β�
GHU� :LQNHO� GHU� ]ZLVFKHQ� I� XQG� J� HLQJHVFKORVVHQ� ZLUG� XQG� �� ≤� β� �� π��� �� 6HL� 3�S�� GLH�
2UWKRJRQDOSURMHNWLRQ�YRQ�S�DXI�I��'DQQ�JLOW�I�U�GHQ�$EVWDQG� e≤⋅= β cose  |P(q) P(p)| ��'D�J�
QLFKW� 3DUDOOHO� ]X� HLQHU� *HUDGHQ� DXV� *� VHLQ� GDUI�� PXVV� 6� QLH� DXI� HLQH� 6HQNUHFKWH� ]X� HLQHU�
*HUDGHQ�DXV�J�SURML]LHUW�ZHUGHQ��'HVKDOE�JLOW��β���π����'DPLW�VLQG�GLH�%HGLQJXQJHQ��GDVV�I�U�
GLH�3URMHNWLRQHQ�3L�6��GHU�$EVWDQG�HLQHV�3XQNWHV�V�∈�3L�6��]X�VHLQHQ�EHLGHQ�1DFKEDUQ�LQ�GHU�
3URMHNWLRQ�PD[LPDO�D�EHWUlJW��HUI�OOW��

P (S)i

 

$EELOGXQJ�����*UDSK�DXV�)DPLOLHQ�YRQ�*HUDGHQ��ZHQQ�GXUFK�MHGHQ�3XQNW�DXV�
6�HLQH�*HUDGH�MHGHU�)DPLOLH�JHKW�

�LL�� (V�JLEW�K|FKVWHQV�HLQH�)DPLOLH�)��VR�GDVV�)�XQG�J�SDUDOOHO�VLQG��)�U�DOOH�DQGHUHQ�)DPLOLHQ�LVW�GLH�
%HGLQJXQJ�� GDVV� I�U� GLH� 3URMHNWLRQHQ� 3L�6�� GHU� $EVWDQG� HLQHV� 3XQNWHV� V�∈� 3L�6�� ]X� VHLQHQ�
EHLGHQ�1DFKEDUQ�LQ�GHU�3URMHNWLRQ�PD[LPDO�D�EHWUlJW��QDFK��L��HUI�OOW��$EHU�)�LVW�QLFKW�SDUDOOHO�
]X�K��'DPLW�JLOW�GLH�%HKDXSWXQJ��

,QVEHVRQGHUH� JHQ�JW� HV� QDFK�.RUROODU�����ZHQQ�EHLGH�.RRUGLQDWHQDFKVHQ� LP�$EVWDQG�YRQ�D�PLW�
3XQNWHQ�DXV�6�EHVHW]W�VLQG��)DOOV�NHLQH�)DPLOLH�DXV�*�VHQNUHFKW�DXI�HLQHU�.RRUGLQDWHQDFKVH�VWHKW��
UHLFKW�HV��ZHQQ�GLHVH�.RRUGLQDWHQDFKVH�LP�$EVWDQG�D�PLW�3XQNWHQ�DXV�6�EHVHW]W�LVW����

�
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���$86%/,&.�

,Q�GLHVHU�$UEHLW�ZXUGHQ�YHUVFKLHGHQH�6FKUDQNHQ�I�U�GHQ�:HUW�GHU�'LODWLRQ�YRUJHVWHOOW���

- (LQH�REHUH�6FKUDQNH�I�U�GLH�(LQEHWWXQJ�HLQHV�)�QIHFNV�YRQ���������

- (LQH�XQWHUH�6FKUDQNH�I�U�*UDSKHQ�PLW�EHVFKUlQNWHU�)OlFKHQJU|�H�YRQ����������

- (LQH�XQWHUH�6FKUDQNH�I�U�GLH�(LQEHWWXQJ�HLQHU�JHVFKORVVHQHQ�.XUYH�YRQ����������

- (LQH�REHUH�6FKUDQNH�I�U�)DPLOLHQ�YRQ�*HUDGHQ�PLW�0LQGHVWDEVWDQG��

%LVKHU� NODIIW� LQ� DOOHQ� GLHVHQ� )lOOHQ� QRFK� HLQH� /�FNH� ]ZLVFKHQ�EHVWHU� REHUHU� 6FKUDQNH�XQG� EHVWHU�
XQWHUHU� 6FKUDQNH��'LHV� LVW�HLQ�%HUHLFK�ZR�QRFK�ZHLWHUH�$UEHLW�JHWDQ�ZHUGHQ�PXVV��6R�VLQG�RIIHQH�
)UDJHVWHOOXQJHQ�I�U�P|JOLFKH��]XN�QIWLJH�$UEHLWHQ��

- *LEW�HV�HLQH�XQWHUH�6FKUDQNH�!���I�U�GLH�(LQEHWWXQJ�HLQHV�UHJHOPl�LJHQ�)�QIHFNV"�%]Z��JLEW�
HV�HLQHQ�*UDSKHQ�PLW�HLQHU�'LODWLRQ�EHOLHELJ�QDKH�DQ���JLEW��GHU�GLHVH�3XQNWPHQJH�HLQEHWWHW"��
0HLQH�9HUPXWXQJ�LVW��GDVV�HV�HLQH�XQWHUH�6FKUDQNH�!���JLEW��

- *LEW�HV�HLQH�K|KHUH�XQWHUH�6FKUDQNH�I�U�*UDSKHQ�PLW�EHVFKUlQNWHU�)OlFKHQJU|�H"�*LEW�HV�
DQGHUH� .ULWHULHQ�� GLH� HLQH� 'LODWLRQ� !� �� JDUDQWLHUHQ"� 2GHU� JLEW� HV� HLQHQ� SHULRGLVFKHQ�
*UDSKHQ��PLW�GHP�VLFK�EHOLHELJH�3XQNWPHQJHQ�HLQEHWWHQ�ODVVHQ��GHVVHQ�'LODWLRQ�NOHLQHU�LVW�
DOV�GHU�ELVKHU�JHIXQGHQH�:HUW"�

- *LEW�HV�HLQH�EHVVHUH�REHUH�RGHU�XQWHUH�6FKUDQNH�I�U�GLH�'LODWLRQ�YRQ�)DPLOLHQ�YRQ�*HUDGHQ�
EHL�0LQGHVWDEVWDQG"�:LH� YHUKDOWHQ� VLFK� DQGHUH�*UDSKHQ��ZHQQ�QXU�GLH�'LODWLRQ� ]ZLVFKHQ�
.QRWHQ�PLW�0LQGHVWDEVWDQG�EHWUDFKWHW�ZHUGHQ"�

�

�

�

�
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/,7(5$7859(5=(,&+1,6�

>�@� -�0��.HLO�XQG�&�$��*XWZLQ��Å7KH�'HODXQD\�
7ULDQJXODWLRQ�&ORVHO\�$SSUR[LPDWHV�WKH�&RPSOHWH�
(XFOLGHDQ�*UDSKµ��'LVFUHWH�&RPSXW��*HRP��
���������6HLWHQ�������� �

>�@��$�� (EEHUV�%DXPDQQ�� $�� *U�QH�� 0��
.DUSLQVNL��5��.OHLQ��&��.QDXHU��$��/LQJDV��
Å(PEHGGLQJ� 3RLQW� 6HWV� LQWR� 3ODQH� *UDSKV� RI�
6PDOO�'LODWLRQ´��,6$$.����

>�@� '�� (SSVWHLQ�� .�� :RUWPDQQ�� Å0LQLPXP�
'LODWLRQ� 6WDUV´�� ��VW� $&0� 6\PS�� &RPS��
*HRP���3LVD��������6HLWHQ����������

>�@� $��(EEHUV�%DXPDQQ��$��*U�QH��5��.OHLQ��
Å2Q�WKH�JHRPHWULF�'LODWLRQ�RI�)LQLWH�3RLQW�6HWV´��
$OJRULWKPLFD�������

>�@� $��(EEHUV�%DXPDQQ��$��*U�QH��5��.OHLQ��
Å*HRPHWULF� 'LODWLRQ� RI� &ORVHG� 3ODQDU� &XUYHV��
1HZ� /RZHU� %RXQGV´�� (UVFKHLQW� LQ�
&RPSXWDWLRQDO� *HRPHWU\�� 7KHRU\� DQG�
$SSOLFDWLRQV�������

�

�>�@�$�� 'XPLWUHVFX�� $�� (EEHUV�%DXPDQQ�� $��
*U�QH�� 5�� .OHLQ�� 5�� 5RWKH�� Å2Q� WKH�
*HRPHWULF� 'LODWLRQ� RI� &ORVHG� &XUYHV�� *UDSKV�
DQG�3RLQW�6HWVµ��(UVFKHLQW�LQ�&RPSXWDWLRQDO�
*HRPHWU\��7KHRU\�DQG�$SSOLFDWLRQV��������

>�@� '�� (SSVWHLQ�� ´6SDQQLQJ� 7UHHV� DQG�
6SDQQHUV�µ� 7HFK�� 5HSRUW� �������
KWWS���ZZZ�LFV�XFL�HGX�aHSSVWHLQ��
�EHUSU�IW� DP� ���� ��� ���� HUVFKLHQHQ� LQ�
+DQGERRN� RI� &RPSXWDWLRQDO� *HRPHWU\�� -��5��
6DFN� DQG� -�� 8UUXWLD�� HGV��� (OVHYLHU�� ������
6HLWHQ����������

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
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$1+$1*�

/,67,1*� ��� 352*5$00� =85� 3$5$0(7(5237,0,(581*� '(6� *5$3+(1� =85�
(,1%(7781*�(,1(6�5(*(/0b�,*(1�)h1)(&.6�

���'LODWLRQ�(FN�FSS���'LHQW�GHU�3DUDPHWHURSWLPLHUXQJ�I�U�HLQHQ�*UDSKHQ�]XU�(LQEHWWXQJ��
���GHU�(FNSXQNWH�HLQHV�UHJHOPl�LJHQ�)�QIHFNV�
�
�LQFOXGH��VWGLR�K!�
�LQFOXGH��PDWK�K!�
�LQFOXGH��3RLQW�K��
�
�GHILQH�0,1�[�\���[���\�"�[���\��
�
�GHILQH�3,�������������
�GHILQH�6&+5,77������� �
�
��'LHVH�.ODVVH�GHILQLHUW�HLQHQ�3XQNW�
FODVV�3RLQW�^�
SXEOLF��
� GRXEOH�[�\�� � � ���3XQNWNRRUGLQDWHQ�
� GRXEOH�JHW'LVW�3RLQW�E������%HUHFKQHW�GLH�'LVWDQ]�]ZHLHU�3XQNWH�
`��
�
��%HUHFKQHW�GLH�'LVWDQ]�]ZHLHU�3XQNWH�
GRXEOH�3RLQW��JHW'LVW�3RLQW�E��^�
� UHWXUQ�VTUW��[�E�[��[�E�[�����\�E�\��\�E�\����
`�
�
3RLQW�$�%�&�'�(�� ���'LH�(FNSXQNWH�GHV�)�QIHFNV�
3RLQW�)�*�+�-�� � ���'LH�(FNSXQNWH�GHV�LQQHUHQ�9LHUHFNV�
3RLQW�.�� � ���'HU�,QQHUH�3XQNW�GHV�9LHUHFNV�
�
GRXEOH�GLDP�� � ���'LDPHWHU�GHV�)�QIHFNV�
�
���/lQJH�GHU�.DQWHQ�YRP���(FN�]XP���(FN�
GRXEOH�$)��%)��%*����
GRXEOH�&*��&+��'+�� �
GRXEOH�'-��(-��()����
�
GRXEOH�)*��*+��+-��)-�� ���/lQJH�GHU�.DQWHQ�GHV���(FNV�
GRXEOH�*-��)+�� � ���/lQJH�GHU�'LDJRQDOHQ�LP���(FN�
GRXEOH�).��*.��+.��-.����/lQJH�GHU�.DQWHQ�GHV�9LHUHFNV�]XP�0LWWHOSXQNW�
�
���(QWIHUQXQJHQ�YRQ�(FNHQ�GHV���(FNV�]X�(FNHQ�GHV���(FNV�
GRXEOH�$-��$+��$*��



 57 

GRXEOH�%+��%-��&-��
GRXEOH�&)��')��'*��
GRXEOH�(+��(*���
�
���(QWIHUQXQJHQ�GHU�(FNHQ�GHV���(FNV�YRP�0LWWHOSXQNW�
GRXEOH�$.��%.��&.��
GRXEOH�'.��(.��
�
���/lQJH�GHV�:HJHV�GHU�JHJHQ�EHUOLHJHQGHQ�3XQNWH�GHV�9LHUHFNV�
GRXEOH�Z*-��Z)+�� �
�
���%HVWH�ELVKHU�JHIXQGHQH�'LODWLRQ�
GRXEOH�GLO ���
�
��%HUHFKQHW�GLH�'LODWLRQ�GHV�*UDSKHQ�
��
GRXEOH�FDOFXODWH'LODWLRQ���^�
� GRXEOH�G�����NOHLQVWH�'LODWLRQ�GHU�DNWXHOOHQ�9HUELQGXQJ�
� GRXEOH�G��� ���'LODWLRQ�GHU�HLQHV����:HJHV�GHU�9HUELQGXQJ�
� GRXEOH�GO�� ���*U|�WH�'LODWLRQ�GHU�ELVKHU�XQWHUVXFKWHQ�3XQNWSDDUH�
�
� ���'LODWLRQ�GHU�3XQNWH�GHV�)�QIHFN�XQWHUHLQDQGHU�
� ���$�]X�&�
� GO �$)���Z)+���&+����GLDP��
� G� �$)���)*���&*����GLDP��
� G� �$)���)-���Z*-���&*����GLDP��
� LI��G!G���G� �G���
� LI��G�GO��GO� �G��
�
� ���$�]X�'�
� G ��$)���Z)+���'+����GLDP��
� G� �$)�)-�'-���GLDP��
� LI��G!G���G� �G���
� G� �$)���)*���Z*-��'-���GLDP��
� LI��G!G���G� �G���
� LI��G!GO��GO� �G��
�
� ���%�]X�'�
� G ��%*���*+���'+����GLDP��
� G� �%*���Z*-���'-����GLDP��
� LI��G!G���G� �G���
� G� �%)���Z)+���'+����GLDP��
� LI��G!G���G� �G���
� G� �%)���)-���'-����GLDP��
� LI��G!G���G� �G���
� LI��G!GO��GO� �G��
�
�
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� ���%�]X�(�
� G ��%*���Z*-���(-����GLDP��
� G� ��%)���()����GLDP��
� LI��G!G���G� �G���
� LI��G!GO��GO� �G��
�
� ���&�]X�( 
� G ��&+���+-���(-����GLDP��
� G� ��&*���Z*-���(-���GLDP��
� LI��G!G���G� �G���
� G� ��&*���)*���()���GLDP��
� LI��G!G���G� �G���
� G� ��&+���Z)+���()���GLDP��
� LI��G!G���G� �G���
� LI��G!GO��GO� �G��
�
� ���'LODWLRQ�GHU�3XQNWH�GHV�9LHUHFNV�XQWHUHLQDQGHU�
� G� �Z)+���)+��
� LI��G!GO��GO� �G��
� G� �Z*-���*-��
� LI��G!GO��GO� �G��
�
� ���'LODWLRQ�YRQ�3XQNWHQ�LP�)�QIHFN��
� ���]X�3XQNWHQ�LP�9LHUHFN�
�
� ���$�]X�-�
� G ��$)���)-��$-��
� LI��G!GO��GO� �G��
�
� ���$�]X�+�
� G ��$)��Z)+��$+��
� LI��G!GO��GO� �G��
�
� ���$�]X�*�
� G ��$)���)*��$*��
� LI��G!GO��GO� �G��
�
� ���%�]X�-�
� G ��%*��Z*-��%-��
� G� �%)���)-��%-��
� LI��G!G���G� �G���
� LI��G!GO��GO� �G��
�
� ���%�]X�+�
� G ��%*���*+��%+��
� LI��G!GO��GO� �G��
�
�
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� ���&�]X�)�
� G ��&*���)*��&)��
� G� �&+��Z)+��&)��
� LI��G��G��G G���
� LI��G!GO��GO� �G��
�
� ���&�]X�-�
� G ��&+���+-��&-��
� G� �&*��Z*-��&-��
� LI��G��G��G G���
� LI��G!GO��GO� �G��
�
� ���'�]X�*�
� G ��'+���*+��'*��
� G� �'-��Z*-��'*��
� LI��G��G��G G���
� LI��G!GO��GO� �G��
�
� ���'�]X�)�
� G ��'-���)-��')��
� G� �'+��Z)+��')��
� LI��G��G��G G���
� LI��G!GO��GO� �G��
�
� ���(�]X�+�
� G ��(-���+-��(+��
� G� �()��Z)+��(+��
� LI��G��G��G G���
� LI��G!GO��GO� �G��
�
� ���(�]X�*�
� G ��()���)*��(*��
� G� �(-��Z*-��(*��
� LI��G��G��G G���
� LI��G!GO��GO� �G��
�
� ���'LODWLRQ�GHU�3XQNWH�GHV�)�QIHFNV�]XP�0LWWHOSXQNW�
� ���$�]X�.�
� G� �$)���).��$.��
� LI��G!GO��GO� �G��
�
� ���%�]X�.�
� G ��%*���*.��%.��
� G� �%)���).��%.��
� LI��G��G��G G���
� LI��G!GO��GO� �G��
�
�
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� ���&�]X�.�
� G ��&+���+.��&.��
� G� �&*���*.��&.��
� LI��G��G��G G���
� LI��G!GO��GO� �G��
�
� ���'�]X�.�
� G ��'+���+.��'.��
� G� �'-���-.��'-��
� LI��G��G��G G���
� LI��G!GO��GO� �G��
�
� ���(�]X�.�
� G ��()���).��(.��
� G� �(-���-.��(.��
� LI��G��G��G G���
� LI��G!GO��GO� �G��
�
� �
� ���'LODWLRQ�GHV�*UDSKHQ�]XU�FNJHEHQ�
� UHWXUQ�GO��
`�
�
��,QLWLDOLVLHUW�GLH�(FNHQ�GHV���(FNV�
��
YRLG�LQLW�3RLQWV���^�
� ���%HUHFKQXQJ�GHU�.RRUGLQDWHQ�
� $�[� �FRV��3,������
� $�\� �VLQ��3,������
� %�[� �FRV��3,������
� %�\� �VLQ��3,������
� &�[� �FRV��3,������
� &�\� �VLQ��3,������
� '�[� �FRV��3,������
� '�\� �VLQ��3,������
� (�[� �FRV��3,������
� (�\� �VLQ��3,������
� ���%HUHFKQXQJ�GHV�'LDPHWHUV�
� GLDP� �$�JHW'LVW�&���
`�
�
��,Q�GHP�)�QIHFN�OLHJW�HLQ�'UDFKHQ��GHU�QLFKW�GXUFK�VHLQH�'LDJRQDOHQ�
� WULDQJXOLHUW�ZLUG��VRQGHUQ�GHU�0LWWHOSXQNW�ZLUG�OHLFKW�]X�3XQNW�+��
� YHUVFKREHQ�
��
YRLG�'UDFKHQ,Q.�WUDQV0LWWHO���^�
� GRXEOH�FXUUGLO�� ���'LODWLRQ�GHU�PRPHQWDQHQ�.RQILJXUDWLRQ�
�
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� ���3DUDPHWHU�GHU�EHVWHQ�ELVKHU�JHIXQGHQHQ�.RPELQDWLRQ�
� GRXEOH�EHVW+�� �
� GRXEOH�EHVW'��
� GRXEOH�EHVW%��
� GRXEOH�EHVW&��
� GRXEOH�EHVW,��
�
� ���NRQVWDQWH�.RRUGLQDWHQ�
� +�\� ����
� .�\� ����
� )�\� ����
�
� ���6FKOHLIH��EHU�GHQ�K�3DUDPHWHU�
� IRU��GRXEOH�K ������K� ������K� 6&+5,77�^�
� � ���.RRUGLQDWHQ�VHW]HQ�
� � +�[� ��K��
� � ���ELVKHU�IHVWJHOHJWH�:HJOlQJHQ�EHUHFKQHQ�
� � $+� �$�JHW'LVW�+���
� � %+� �%�JHW'LVW�+���
� � &+� �&�JHW'LVW�+���
� � '+� �'�JHW'LVW�+���
� � (+� �(�JHW'LVW�+���
�
� � ���6FKOHLIH��GHU�GHQ�G�3DUDPHWHU�
� � IRU��GRXEOH�G �������G� ������G� 6&+5,77��^�
� � � ���.RRUGLQDWHQ�VHW]HQ�
� � � )�[� �G��
� � � ���ELVKHU�IHVWJHOHJWH�:HJOlQJHQ�EHUHFKQHQ�
� � � $)� �$�JHW'LVW�)���
� � � %)� �%�JHW'LVW�)���
� � � &)� �&�JHW'LVW�)���
� � � ')� �'�JHW'LVW�)���
� � � ()� �(�JHW'LVW�)���
� � � )+� �)�JHW'LVW�+���
� � � �
� � � ���6FKOHLIH��EHU�GHQ�F�3DUDPHWHU�
� � � IRU��GRXEOH�F ������F�� �������F� 6&+5,77��^�
� � � � ���.RRUGLQDWHQ�VHW]HQ�
� � � � *�[� ��F��
� � � � -�[� ��F��
�
� � � � ���6FKOHLIH��EHU�GHQ�E�3DUDPHWHU�
� � � � IRU��GRXEOH�E ������E� ������E� 6&+5,77��^�
� � � � � ���.RRUGLQDWHQ�VHW]HQ�
� � � � � *�\� �E��
� � � � � -�\� ��E��
�
� � � � � ���ELVKHU�IHVWJHOHJWH�:HJOlQJHQ�EHUHFKQHQ�
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� � � � � $*� �$�JHW'LVW�*���
� � � � � %*� �%�JHW'LVW�*���
� � � � � &*� �&�JHW'LVW�*���
� � � � � '*� �'�JHW'LVW�*���
� � � � � (*� �(�JHW'LVW�*���
� � � � � )*� �)�JHW'LVW�*���
� � � � � �
� � � � � $-� �$�JHW'LVW�-���
� � � � � %-� �%�JHW'LVW�-���
� � � � � &-� �&�JHW'LVW�-���
� � � � � '-� �'�JHW'LVW�-���
� � � � � (-� �(�JHW'LVW�-���
� � � � � )-� �)�JHW'LVW�-���
� � � � � *-� �*�JHW'LVW�-���
� � � � � +-� �+�JHW'LVW�-���
�
� � � � � *+� �*�JHW'LVW�+���
�
� � � � � ���6FKOHLIH��EHU�GHQ�L�3DUDPHWHU�
� � � � � IRU��GRXEOH�L F��L� K��L� 6&+5,77��^�
� � � � � � ���.RRUGLQDWHQ�VHW]HQ�
� � � � � � .�[� ��L��
�
� � � � � � ���UHVWOLFKH�:HJOlQJHQ�EHUHFKQHQ�
� � � � � � $.� �$�JHW'LVW�.���
� � � � � � %.� �%�JHW'LVW�.���
� � � � � � &.� �&�JHW'LVW�.���
� � � � � � '.� �'�JHW'LVW�.���
� � � � � � (.� �(�JHW'LVW�.���
� � � � � � ).� �)�JHW'LVW�.���
� � � � � � +.� �+�JHW'LVW�.���
� � � � � � *.� �*�JHW'LVW�.���
� � � � � � -.� �-�JHW'LVW�.���
� � � � � � Z*-� �*.���-.��
� � � � � � Z)+� �).���+.��
� � � � � �
� � � � � � ���'LODWLRQ�GLHVHU�.RQILJXUDWLRQ�HUPLWWHOQ�
� � � � � � FXUUGLO� �FDOFXODWH'LODWLRQ����
�
� � � � � � ���)DOOV�GLH�'LODWLRQ�EHVVHU�LVW�DOV�GLH��
� � � � � � ���ELVKHU�JHIXQGHQHQ�����
� � � � � � LI��FXUUGLO�GLO��^�
� � � � � � � ���$XVJHEHQ�
� � � � � � � SULQWI��?Q?Q�GLO� ��I���FXUUGLO���
� � � � � � � ���3DUDPHWHU�PHUNHQ�
� � � � � � � GLO� �FXUUGLO��
� � � � � � � EHVW+� �K��
� � � � � � � EHVW'� �G��
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� � � � � � � EHVW%� �E��
� � � � � � � EHVW&� �F��
� � � � � � � EHVW,� �L��
� � � � � � `�
� � � � � `�
� � � � `�
� � � `�
� � `�
� `�
� ���(UJHEQLV�DXVJHEHQ�
� SULQWI��?Q?Q�EHVW'LO� ��I���GLO���
� SULQWI��?Q�EHVW+� ��I���EHVW+���
� SULQWI��?Q�EHVW'� ��I���EHVW'���
� SULQWI��?Q�EHVW%� ��I���EHVW%���
� SULQWI��?Q�EHVW&� ��I���EHVW&���
� SULQWI��?Q�EHVW,� ��I���EHVW,���
�
� ���$XI�7DVWH�ZDUWHQ�
� JHWFKDU����
`�
�
��+DXSWIXQNWRQ��
��
LQW�PDLQ�LQW�DUJF��FKDU�DUJY>@��^�
� ���)�QIHFN�LQLWLDOLVLHUHQ�
� LQLW�3RLQWV����
� ���3DUDPHWHU�GXUFKODXIHQ�ODVVHQ�
� 'UDFKHQ,Q.�WUDQV0LWWHO����
� UHWXUQ����
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�
�
�
�
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�
�
�
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�
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// UntereSchrankeDil .cpp : Programm zur Parameteroptimierung zum Beweis einer oberen  
// Schranke bei Graphen mit begrenztem Flächeninhalt 
 
�LQFOXGH��VWGLR�K!�
#include <math.h> 
 
#define SCHRITT 0.001  // Schrittgröße der Variabelenwerte 
#define MIN(x,y) (x<y ? x : y ) // Berechnet das Minimum 
 
int main(int argc, char* argv[]) 
{  
 double c;   // aktueller Wert für c 
 double a;   // aktueller Wert für a 
 double v;   // aktueller Wert für v 
 
 double d1, d2, d;  // Dilation für aktuelle Werte im Fall 2, im Fall 1, das Minimum  
     // von beidem 
 
 double bestD;  // Bisher höchster Wert der Dilation 
 double bestA;  // Parameter a für beste Dilation 
 double bestV;  // Parameter v für beste Dilation 
 
 // Berechne die Dilation und die Parameter für verschiedene c 
 for ( c=1; c <= 1.4; c += 0.1) {  
  bestD = 0; // Initialisiere höchste Dilation mit 0 
 
  // Schleife über die Werte für v 
  for ( v = 0.5; v <5 ; v += SCHRITT) {  
 
   // Schleife über die Werte von a  
   // a muss einen Mindestwert besitzen der von v anhängt 
   for ( a = 2*c-1-v/(v+c); a <= 1; a += SCHRITT) {  
 
    // Berechnung der Dilation im Fall 2 
    d1 = sqrt( (v+c)*(v+c) + 0.25) + sqrt (v*v + (c-a/2-0.5)*(c-a/2-0.5)); 
    d1 /= sqrt ((2*v+c)*(2*v+c) + (c-a/2)*(c-a/2) ); 
 
    // Berechnung der Dilation im Fall 1 
    d2 = sqrt( (0.5-a/2)*(0.5-a/2) + (v+c)*(v+c) ); 
    d2 /= (v+c); 
     
    // Berechnung des Minimums beider Fälle 
    d = MIN(d1, d2); 
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    // Falls die Dilation höher ist als die bisher gefundenen 
    if (d > bestD) {  
     bestD = d; // merke Dilation und Parameterwerte 
     bestA = a; 
     bestV = v; 
    }  
   }  
  }  
  // Gib höchste Dilation und zugehörige Parameter für gegebenes c aus 
  printf("c: %f d: %f a: %f v: %f\n", c, bestD, bestA, bestV); 
 }  
 
 getchar(); // Warte auf Tasteneingabe 
 return(0); // fertig 
}  
 


